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Quiz

 Write down the pmf for a Bernoulli
random variable

e Whatis the relationship between a
Bernoulli and a Binomial random
variable?

 Write down the pmf for a Binomial random
variable?



Reading

e This class: Section 4.1-4.3
e Next class: Section 4.4-4.5



Outline
e Section4.1-4.3

e Continuous RV’s

« CDF

 PDF

e Expected value of X



Continuous Random Variables.

As mentioned previously, not all
r.v.s are discrete. Today we will
study the continuous r.v. (the
2"% general type of random
variable) that arises in many
applied problems




Continuous Random Variables

A discrete R.V. is one whose possible values either constitute
a finite set or else can be listed in an infinite sequence (a list
where there is a first element, a second, and so on)

I. Def: Ar.v. X is said to be continuous if its set of
possible values is an entire interval of numbers

li. Rule of thumb: before the experiment is run, if you
can determine/list all possible values of the random
variable, it is a discrete random variable, else it is a
continuous random variable.




Continuous Random Variables

Let X be a continuous r.v. The probability distribution

or probability density function (p.d.f.) of X is a
function f(x) [i.e. p(xX)] such that for any 2 numbers

aand bwitha<b

P(agxgb):if(x)dx

that is, the probability X takes on a value in the
interval [a,b] is the area under the graph ot the
density function.

In order that f(x) be a legitimate p.d.f, it must
satisfy 2 conditions:
1. f(x) > 0, for all x

2. Tf(x)dx:l



Continuous Random Variables

If X is a continuous r.v., then for any number c,
P(X=c) =f(c) =0

furthermore, for any 2 numbers aand b witha < b
P@<X<b)=Pla<X<b)=P@s<X<b)=Pla<=X
< b)

The probability assigned to any particular value is
zero and the probability of an interval does not
depend on whether or not its end points is included.

Note: Unlike in discrete distribution, the distribution
of a continuous r.v. usually cannot be derived from
simple probabilistic reasoning.

Instead, one must make a choice of a p.d.f based on
prior knowledge and available data. Fortunately,
there are general/common families of pdf’'s. That has
been found to fit well in a variety of experimental
situations.



Continuous Random Variable

e An example would be the following
random variable, distributed as follows:

_3x2+3x_0<x<2
P(X=X)=4 4 2 T )

| 0;otherwise




Continuous Random Variable

e |ts density function would be:
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Continuous Random Variables

In the discrete case, the p.m.f is obtained
from taking the difference between 2 F(X)
[cumulative] values ..P(X=a) = F(a) — F(a —
1)

The continuous analogue of a difference iIs a
derivative.

- If X I1s a continuous r.v. with a pdf f(x) and
c.d.f F(X), then at every x at which the
derivative F’(X) exists

FX_tx) or F(0= ()
OX
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Probability Density Function pdf

dF(a) _
dx = f(a)

F(a)= [ £ dx

lim F(a) =lim qj £ (x) dx == IZT fi(x) dx

Qd—oo a—co




Probability Density Function pdf

s For a continuous random variable X,
Pla <x< b] = Pla <x< b] = Fy(b) - Fy(a)

using F/(a)= Jf(x) dx

F(b)-Fi(a) = jf () dx- jf(x)dx

F(b)-F(a)= Lf;(f*/) dX+J. f (x)dx- J.fx{xj dx
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Probability Density Function pdf

= Probability that a continuous random variable
X takes on values between a and b:

b
Pla<X<b]l= J. £, (x) dx
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Probability Density Function

b
P(a < X < b) = area under f(x) from a to b = f s

a

flx)
Pla <X < b)
a b x

If X is a continuous random variable, then for any x; and x,,

P(X1£XEX2):P(X1<X5.X2) :P(XIE_X<.X'2):P(X1<X<X2)
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Uniform

X = current measured in a thin copper wire (in mA)
The PDF of X is given by f(x) = 0.05, 0 < x < 20.

flx)
0.05
_0 10 20 x
e FInd
e P(X<8)

e P(X<8/X>6)
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Exponential

X = diameter (mm) of hole drilled in a sheet metal
component

f(x)

125 12.6 X

 Find
e P(X>12.6)
¢« P(X<14/X>126)
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Cumulative Distribution Function

Several of the important concepts
Introduced In the study of discrete
distributions are equivalent with
continuous distributions by replacing
summation with integration.
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Cumulative Distribution Function (cdf)

= cdf Fy(a) of a random variable X is defined
as "the probability that X has a value
smaller than or equal to a":

Fx(a) = P[X < a] V -00 £ @< +oo
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Cumulative Distribution Function

The c.d.f. for the previous example is
shown below:

cdf

1.2

1
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Properties of cdf Fy(a)=P[X < a]

= If a < b = Fy(a) < Fy(b)

i.e. Fy is a non-decreasing function

Fx(x)

F«(b

21



Properties of cdf Fy(a)=P[X < a]

o OﬂFx(ﬂ)ﬂl

= lim F(a)=1

Q—ce

_ lim F(a)=0

a——eo




(Dis)Continuity Properties of cdf

= For any positive ¢, Iirrg Fy(a+€e)=F(a")

= Fy is “"continuous from the right”

Fy(x) 4 F. (@) Fy(a*) Fy(a+g)
X . ;
6/6 N @——ennunns
5/6 \\\ N/ =
4/6 \“\\ >~
3/6 o
2/é (—
1/6 o—— Ny
I -
1 2 3 4 5 6 X
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Properties of cdf

M P[ﬂ < X< b] = Fx(b) - Fx(a)

P[2.5 = a;< X <b=55]= (5/6) - (2/6) = 3/6 |

P[4 = a,< X <b=55] = (5/6) - (4/6) = 1/6

Fy(X) A

&/6
B/6
4/6
3/6
2/6
1/é

>
[ S—
[ —
@
o— a,=4
> ‘31'%5 b’:n.5 X
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Properties of cdf

n P[X=b] = Fy(b) - Fx(b-)
P[X=b,=3] = (3/6) - (2/6) = 1/6
P[X=b,=5.5] = (5/6) - (5/6) = O

Fy(x) A

6/6 *-—
5/6 *-——
4/6 o —
3/6 *>r—
2/6 P
1/6 *-— b=3 b,=5.5
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Properties of cdf

s For a continuous random variable X, the
following probabilities are equivalent:

e Pla< X <b]
e Pla< X <b]

e Pla< X < b]

.P[G<X<b:
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Expected Value for a Continuous R.V.

a. For the discrete r.v. X, E[X] was obtained by summing
Xp(X) over possible x values. Here we replace summation
by integration and the p.m.f by pdf to get a continuous

weighted average.
I. Def: The expected value or mean value of a

continuous r.v. X with pdf f(x) is:

u, = E[X]= Txf (x)dx
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Expected Value for a Continuous R.V.

Def: If X is a continuous r.v. with pdf f(x) and h(x) is
any function of X, then:

Hiy = E[N()] = [h(x) f (x)dx

Note: The rules for evaluating functions of random
variables are valid for the use with continuous
random variables

E[aX + b] = aE[X] + b
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Expected Value for a Continuous R.V.

e Continuing with the previous example
distribution, and integrating from the
allowed values from 0 to 2, the expected
value is:

P(X =x)= 4

2
—3L+ 3—X;O <x<L2
2
0:otherwise
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Moments of random variables

= There are several parameters, known as

moments, that can characterize the
behavior of a RV

= A general form of moments is:
E[(X-a)"]

= For continuous RVs,

E[(X-a)"']= +T(x —a)"fi(x)dx
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Moments of random variables

= Special cases of E[(X-a)"]:
e The mean: E[X]=m ,a=0,n=1
e The second moment: E[X%],a=0 ,n=2
e The central moments: E[(X-m)"] ,a=m = E[X]

e The variance: E[(X-m)?] ,a=m = E[X],n=2
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The Mean

s The mean is the

"expected value” or the

“average value” of a RV

E[X]=

VAN

m

Tx £ (x)dx

A

m

The mean represents the “center of gravity”
for the probability (mass) density function
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The Second Moment

= The second moment E[X?] is the (total) power
of the random variable X

E[X?]= szfx (x)dx

The second moment E[X?] represents the "moment of inertia with
respect to the origin” for the probability (mass) density function
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The Second Moment

= The second moment E[X?] can be expressed as:

E[X°]= +szﬁ((x)dx = +]ﬂ(x -m+m)°f, (x)dx

0

_ m%dxfﬂx-mm (x)d><+2m+]o(%(x)dx

=m° + +]f(x -m)* f (x)dx




The Second Moment

= Therefore, the second moment E[X?] is the sum
of two "power” terms:

E[X*]=m°+ j(x- m)*f, (x)dx
/
‘,f A\ Y J
\
"DC” Power ‘e
“"AC" Power
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The Variance

= The variance o? is the second central moment:

o’ =E[(X-m)*]= +T(x -m)* £ (x)dx

The variance represents the "central moment of inertia”
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The Variance

s The variance o2 is a measure of “"the amount
of variation of a RV around its mean”

m 0 is defined as the "standard deviation”

0; < O,

N SN
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The Variance

= The variance can be computed from the
second moment (total power) and the first
moment ("DC” power):

0° =E[(X-m)*]=E[X?]-m’
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Variance of a Continuous R.V.

Define: The variance of a continuous
random variable X with pdf f(x) with
mean p IS:

o =V(X)= [(x=u)* f(x)dx = E[(x— 1)°]

and the standard deviation of X Is

oy =4V (X)

The easiest way to compute ¢° is to
compute

V(X)=E[X*]-(E[X])’
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Variance of a Continuous R.V.

 Continuing as before, and integrating
from O to 2 as before, the variance of the
distribution is:

3x? 3x
——+—:0<x<L2
P(X—X)—{ 4 2 }

0:otherwise

V(x) = E(x*) - (E(x))’

V (x) = sz f (x)dx —1.0°

0

+ dx —1.0°
2

!
V(x)—{

]—1.02 =1.20-1.00 =0.20
0
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Variance of a Continuous R.V.

As In expected values, the rules of
variance learned in discrete distribution
are valid in the continuous case.

V(aX + b) = a?V(X)
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Back to Moments E[X"]

= Can the mean and the variance completely
specify a random variable (e.g. its pdf)?

In general, NO

= Knowledge of all moments E[X"], n=1, 2, ..,

(if they exist) can be used to uniquely
determine the pdf of the RV X
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NORMAL (GAUSSIAN)

e The most important continuous
distribution in probability and statistics

e The story of the outcome of normal is
really the story of the development of
statistics as a science.

e Gauss discovered this while
Incorporating the method of least
sguares for reducing the errors in fitting
curves for astronomical observations.
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PDF OF NORMAL

Definition

A random variable X with probability density function

& g
f(x) - \/21_ € 20° Ior 7 = Yy = & (3_4)
o

has a normal distribution with parameters p, where —® < p < %, and ¢ >
0. Also,

Fy . aml MY - o
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flx)

Graphs of various normal PDF

45



Plpw —o<X<wm+ o) =0.6827
Plw — 20 < X< + 20) = 0.9545
Plw — 30 < X<pn + 30) = 0.9973

fla)

w—30c @—2& . w+o pw+lo p+ 30

oo p
L le— 68% —>
95%
< 99.7% -

X
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Definition

A normal random variable with p = 0 and 6 = 1 is called a standard normal
random variable. A standard normal random variable is denoted as Z.

Definition

The function ®(z) = P(Z = z) is used to denote a probability from Appendix
Table I. It 1s called the cumulative distribution function of a standard normal
random variable.

P(Z <1.5) =®(1.5)

= shaded area 0.00 0.01 0.02 0.03

O [ 0.50000 0.50399 0.50398 0.51197

1.5 0.93319 0.93448 0.93574 0.93699
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CALCULATION OF NORMAL PROBABILITIES

1) PZ>120=1—-PZ=126) =1 — 089616 = 0.10384
(1)
-1 -
0 1.26 0 1.26
2) P(Z < —0.86) = 0.19490.
(2)

-0.86 O
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EXAMPLE (cont’d)

Q) P(Z> —137) = P(Z < 1.37) = 0.91465

AN AN

-1.37

(4) P(-1.25 < Z < 0.37)

y N NGAN

0 0.37 0 0.37
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EXAMPLE (cont’d)

(6) P(Z > 2??) = 0.05 or P(Z < ???) = 0.95
(6)

0.05

0 z=1.65
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Distribution of

Distribution of X

X -
JU“:Z
o

How to standardize?
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Standardize

Suppose X is a normal random variable with mean p and variance o°. Then,

P(X{x):P(X_”c:x_”) = P(Z = 2) (3-5)
O 0]

where

Z is a standard normal random variable, and

Z = (x — w)/o is the z-value obtained by standardizing X.
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