




















Discrete sample space

Discrete sample spaces deal with data that can take on only

certain values. These values are often integers or whole

numbers.
Dice are good examples of finite sample

spaces. Finite means that there is a limited
number of outcomes.

Throwing 1 die:

S={1,2,3, 4,5, 6},
and the probability of each event = 1/6.

Note: Discrete data contrast with continuous data that can take on any one of
an infinite number of possible values over an interval.



Definitions

Example 1: Toss a coin
Q = {head,tail}={H,T}
Let A be event 'a head is obtained’, then A = {H}

Example 1': Toss 2 coins
Q={TT,TH,HT,HH}

Let B be event 'at least one H is obtained’, then B =
{TH,HT,HH}




Definitions

Example 2: Roll a die and note the number shown
0={1,2,3,4,5,6}

Let A be event 'the number shown is even', then A =
{2,4,6}

Let B be event 'the number shown is <4', then B =
{1,2,3,4}

When studying a random experiment, it's important
to spend time to define both the sample space and
the events



Definitions

Let A and B be any two events in sample space Q,
then:

A U B = union of A and B = the set of all outcomes in
A or B (i.e. only A, only B in both A and B)

Example 2 (cont'd): Roll a die

A event ‘the number shown is even', i.e. A= {2,4,6}
B event 'the number shownis <4',i.e.B={1,2,3,4}

AU B={2,4,6}uU{1,2,3,4}={1,2,3,4,6)



Definitions

Let A and B be any two events in sample space Q,
then:

A N B = intersection of A and B = the set of all
outcomes in A and B

Example 2 (cont'd): Roll a die

A event ‘the number shown is even', i.e. A= {2,4,6}
B event 'the number shownis <4',i.e.B={1,2,3,4}

AN B={24,6}{1,2,3,4} ={2,4}



Definitions

Let A be any event in sample space Q, then:

AC = the set of points that do not occurin A, but do
occurin Q

Q

AC

Venn diagram



Definitions

Let A be any event in sample space Q, then:

AC = the set of points that do not occurin A, but do
occurin Q

Example 2 (cont'd): Roll a die

A event ‘the number shown is even', i.e. A= {2,4,6}

AC = {1,3,5} = event 'number shown is odd'



Definitions

Let A and B be any two events in sample space Q,
then:

A and B are mutually exclusive or disjointif AN B =
%)



Probability Theory

The Intersection of 2 events A & B (AnB) “A

and B” is the event consisting of all outcomes
in both A and B.

The complement of an event A (A’) “A-prime” is
the set of all outcomes in S that are NOT
contained in A.

If A & B have no outcomes in common, A & B
are said to be mutually exclusive or disjoint
events.
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Probability Theory

Some Probability Laws

Commutative Laws: AuB=BUA
AnB=BnA

Associative Laws: (AuB)uC=Au (BuUC(C)
(AnB)nC=An (BN C)

Distributive Laws: An(BuUC)=(AnB) U(ANnC)
AuoBnNnC)=(AuB)n(AuC)

De Morgin’s Laws:(AuB)’ =A’nB’
(AnB)Y=A"UbB’



Properties of Probability

N(A) # of ways A can occur

a. Many times, P(A)=———

N(S) #of ways Scan occur

Relative frequency of percentage

b. Properties

iv.

ForaneventA, P(A)=1-P(A)
P(A’)=1-P(A)

If 2 events, A & B are mutually exclusive, then P(A N B)
=0.

For 2 events A & B,
P(AuB) =P(A) + P(B) - P(AnB)

For 3events A, B, C
P(ALBUC) =P(A) + P(B) + P(C) - P(AnB)-P(ANC) -
P(BNC)+ P(ANB N C)



Continuous sample space

Continuous sample spaces contain an infinite number of events. They
typically are intervals of possible, continuously-distributed outcomes.

Example: There are infinite numbers between 0 and 1 (e.g., 0.001, 0.4, 0.0063876).
S = {interval containing all numbers between 0 and 1}

How do we assign probabilities to events in an infinite sample space?
We use density curves and compute probabilities for intervals.

m‘iﬂ =04 This is a uniform density curve.

/ There are a lot of other types of density curves.

The probability of the uniformly-distributed
variable Y to be within 0.3 and 0.7 is the
area under the density curve corresponding
to that interval. Thus:

Y o 03 01 P(0.3<y<0.7)=(0.7 - 0.3)*1 = 0.4

Height =1 <




Intervals

The probability of a single event is meaningless for a continuous
sample space. Only intervals can have a non-zero probability,
represented by the area under the density curve for that interval.

Area 1{1.5 Area = 0.2 The probability of a single event is zero:
4
\ / P(y=0.5)=0
Heigh The probability of an interval is the same whether
= 1 boundary values are included or excluded:
P(y<0.5)=0.5
\ P(y<0.5)=0.5
y 0 0.5 08 1

Ply<050ry>0.8)= P(y<0.5)+P(y>0.8)=05+0.2=0.7

Notice that this is also equivalentto 1 - P(0.5<y<0.8)=1-0.3=0.7



A Sample Problem

Suppose variable X can be any number between 0 and 4, with
all values equally likely. This is a continuous sample space
with a uniform distribution.

What does the density curve look like?

0 1 2 3 4

What is the height of the curve? 0.25, because 4(0.25) = 1
What is the probability that X < 3?3(0.25) = 0.75 or 75%
What is P(X> 0.5)? 3.5(0.25) =0.875 or 87.5%

What is P(2<X <3.5)? 1.5(0.25) = 0.375 or 37.5%



Axioms of Probability

= Probability of any event A is non-negative:
P[A] >0

= The probability that "the outcome belongs to
the sample space” is 1: P[S]=1

= The probability of “"the union of mutually-
exclusive events” is the sum of their
probabilities:

If A () A,=2, = P[A,\U A,] = P[A] +P[A,]



Axioms of Probability

Example 3:

Let Q be {1,2,...,n}. Define #A to be the number of
elements of A, e.g. if A={1,2} then #A = 2.

The function # is called the cardinality function.

Let Pr(A) = #A/n, the number of elements in A,
divided by the total number of elements in Q.

Here, the function Pr is called the uniform
probability distribution on Q.

Let us see why this function satisfies the axioms of
probability.



Axioms of Probability

Does the uniform probability distribution on Q) satisfy the
axioms of probability? Recall Pr(A) =#A/n

1) The number of elements in any subset A of Q is at least zero
(#A =0), and at most n(#A=n), so 0/n<Pr(A) < nin.

2) Pr(QQ) =#QIn=nln=1.

3) If A and B are disjoint, then the number of elements in the
union A U B is the number of elements in A plus the number of
elements in B, i.e. #(A U B) = #A + #B. Therefore,
P(AuB)=#AuB)In
= (#A + #B)/n
=#AIn+ #Bln
=P(A) + P(B).



Mutual Exclusivity

= The probability of “"the union of mutually-
exclusive events” is the sum of their
probabilities:

If Ag-ﬁAj:@, i#] — P[U A_I,.]:ZP[AJ]




Mutual Exclusivity

= However, in general:
PLA,\U A,] = P[A] +P[A,] - PLA (1) A))

This formula works for both mutually exclusive and
non-mutually-exclusive events




Example I.1

= Role a die twice and record the number of

dots on the top-face:

S =

{

(11) (12) (1,3) (1,4) (15) (1,6)
(2,1) (2,2) (2,3) (24) (25) (2,6)
(3,1) (3,2) (3,3) (3,4) (3.5) (3,6)
(41) (42) (43) (44) (45) (4,6)
(5,1) (5,2) (5,3) (54) (55) (5,6)
(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)



Example I.1

= Define the following events:

A = "First role gives an odd #" = P[A,]=(18/36)
A, = "Second role gives an odd #" =  P[A,]=(18/36)

C = "The sum is odd" ;

Compute the probability of the event C (i.e. P[C])
using the probabilities P[A;] & P[A,]



Example I.1

Solution:
C =theunion: C;u G, :
C, = "first role is odd & second role is even"” = (A, NAY)
C, = "first role is even & second role is odd" = (,'f\2 a Af)

C=(A NA)U(A, NA))
Since C; and C, are mutually exclusive:

P[C] = P[C,Lu C, | = P[C,] +P[C,]

P[C]=(9/36)+(9/36)=1/2





