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Calculation of
P(type 1 error)
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Figure 4-4 The critical region for Hy: pw = 50 versus H:
w # 50 and n = 10.
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Figure 4-5 The probability of type II error when . = 52 and n = 10.



Confidence Interval
Recall point estimate for the parameter
under study.

For example, suppose that y= mean
tensile strength of a piece of wire.

If a random sample of size 36 yielded a
mean of 242 .4psi.

e Can we attach any confidence to this
value?

Answer: No! What do we do?



Sample Size Determination

Under Hy: u=pg, Under H: u# u,
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Student’s t-distribution

 Referring to HP example, we
assumed that the population
standard deviation was known (to be
10).

e However, in practice, it is usually
unknown. Hence, we need to
estimate it first. If the sample size is
reasonably large (n > 30), we can
still use the normal distribution for
inferential part (as justified by the
CLT).



Student’s t-distribution

e What happens if the sample is small (n <
30)?

* In this case we cannot use normal since
the sample size is small and by using the
sample standard deviation to estimate s,
we bring in more variability into the
picture and the appropriate distribution to
use is the student's t-distribution.

e |In 1908, William S.Gosset, a chemist
working for a brewery company, under
the pseudonym Student, first deduced
this distribution.



Student’s t-distribution

 Suppose thatX,, X,, ..., X, aren
random samples from a normal
distribution with mean u and
standard deviation s. Then the PDF
of
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Figure 4-13 Probability density functions of several ¢ distributions.



Student’s t-distribution (cont’d)

e Student’s t-distribution, like normal,
* is bell-shaped. It depends on the sample size.

e Itis more spread than normal and approaches
normal as n approaches infinity.






Decision Making for Two Samples

» So far we talked about making inferences about
the population parameter(s) when dealing with
only one population at a time.

* Suppose we ask:

* Is the new method of assembling a product better than
the existing one?

* Is there any difference between workers in two
assembly plant?

 How do we answer these scientifically?

Using statistical methods for two-population case.



D =

Assumptions

X11> X125 - - . » Xy, 18 @ random sample from population 1.
Xo1, X025 - - . s Xp,, 18 @ random sample from population 2.
The two populations represented by X; and X, are independent.

Both populations are normal, or if they are not normal, the conditions of the
central limit theorem apply.

Population 1 Population 2
o1 o
/1#1 /(;Uz
Sample 1: Sample 2:
X110 X120 X1ny X210 X221y Xon,

Figure 5-1 Two independent populations.




Inference for a difference in the means

Under the assumption listed earlier, we have the following resulit.

The quantity

S —

has an N(O, 1) distribution.
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Test of hypotheses

Testing Hypotheses on p; — p,, YVariances Known

Null hypothesis:  Hy: pqy — pr = A

- X ~X%X - A
Test statistic: Lo — 1 2 0
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. _|_ L
Alternative Hypotheses Rejection Criterion
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Confidence Interval

Definition: Confidence Interval on the Difference

in Two Means, Variances Known

n, from populations with known variances o7
100(1 — o) percent confidence interval for p; — o 18

- 0‘% (r% - - = = U% 0'%
X1 %) a2+ — + — = M Mo = X X2 a2+ — + —
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If x; and X, are the means of independent random samples of sizes n; and

? and o3, respectively, then a

(5-4)

where z,,, 1S the upper «/2 percentage point of the standard normal distribution.




Case 1: ¢ = ¢4 = ¢

2

The pooled estimator of o2, denoted by ng is defined by

(n; — DS? + (n, — 1)83

S5 = 5-7
P ni -+ Hy o ( )
Given the assumptions of this section, the quantity
X, — X, — -
T 1 2 . (”‘1 ”‘2) (5"8)
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has a ¢ distribution with n; + n, — 2 degrees of freedom.




The Two-Sample Pooled ¢-Test"

Null hyp()theSiS: HO: My 1 AO

L X, — X, - A
Test statistic: 1, = ! 2 0
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Table 5-2 Catalyst Yield Data, Example 5-4

Observation
Number Catalyst 1 Catalyst 2
1 91.50 89.19
2 94.18 90.95
3 92.18 90.46
4 95.39 93.21
5 91.79 97.19
6 89.07 97.04
7 94.72 91.07
8 89.21 92.75
x; = 92.255 X, = 92.733
s; = 2.39 s, = 2.98




- Verity that the pooled standard deviation, s; =2.7
and the test statistic value 1s, t, =-0.35.

* At 5% level of significance, we do not reject the null
hypothesis and conclude that there 1s no sufficient
evidence to say the means of the two catalysts differ.



Definition: Confidence Interval on the Difference in Means
of Two Normal Distributions, Variances Unknown but Equal

If X, X-, s7, and s3 are the means and variances of two random samples of sizes
ny and n,, respectively, from two independent normal populations with unknown
but equal variances, then a 100(1 — «) percent confidence interval on the
difference in means p; — W 1S
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where s, = i 1)s? + (n, — 1) s3]/(n; + n, — 2) is the pooled estimate
of the common population standard deviation, and #y,5 ,,, +,,—> 1S the upper
a/2 percentage point of the ¢ distribution with n; + n, — 2 degrees of freedom.




Case 2: 0§ # O3

i = (5-10)
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Definition: Confidence Interval on the Difference in Means
of Two Normal Distributions, Variances Unknown and Unequal

If X;, X», 57, and s5 are the means and variances of two random samples of sizes
n; and n,, respectively, from two independent normal populations with unknown
and unequal variances, then an approximate 100(1 — o) percent confidence
interval on the difference in means pw; — W, 18

i 5 5
Xp =Xy —lappy— + == ~ M=X — Xty /— +—= (5-14)
n n- ny noy

where v is given by equation 5-11 and ¢,,, , 1s the upper /2 percentage point
of the r distribution with v degrees of freedom.




Dependent Populations

Pairwise test
So far, we assumed the populations under study to

be independent.

What happens when we need to compare, say, two
assembling methods using the same set of
operators?

Obviously, the populations are not independent.
So, what do we do?



The Paired ¢-Test

Null hypothesis:  Hy: pp = Ay

. D — A
Test statistic: Ty = 4 (5-16)
S, /\Vn
Alternative Hypothesis Rejection Region
Hy: pp # Ag to = tapn—1 OF To < —lappn—1
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Table 5-4 Strength Predictions for Nine Steel Plate Girders
(Predicted Load/Observed Load)

Girder Karlsruhe Method Lehigh Method Difference d;

S1/1 1.186 1.061 0.119
S2/1 1.151 0.992 0.159
S3/1 1.322 1.063 0.259
S4/1 1.339 1.062 0.277
S5/1 1.200 1.065 0.138
S2/1 1.402 1.178 0.224
S2/2 1.365 1.037 0.328
S2/3 1.537 1.086 0.451
S2/4 1.559 1.052 0.507

» Since this value is greater than the table value at 5% level, we

reject the null hypothesis and conclude at 5% level that there is

sufficient evidence to say that Karlsruhe method produces more
strength on the average than the Lehigh method.



Definition: Confidence Interval on p; — p, for Paired Observations

If d and s, are the sample mean and standard deviation of the difference of n
random pairs of normally distributed measurements, then a 100(1 — «) percent
confidence interval on the difference in means wp = Wy — WKy 1S

g . o ap (5-17)

where #,,, , 1 1s the upper a/2 percent point of the z-distribution with n — 1
degrees of freedom.




Table 5-5 Time in Seconds to Parallel Park Two Automobiles

Automobile Difference
Subject 1 (x15) 2 (x;) (d;)
1 37.0 17.8 19.2
2 25.8 20.2 5.6
3 16.2 16.8 — 0.6
4 24.2 41.4 —17.2
5 22.0 21.4 0.6
6 33.4 38.4 —5.0
7 23.8 16.8 7.0
8 58.2 32.2 26.0
9 33.6 27.8 5.8
10 24.4 23.2 1.2
11 23.4 29.6 —6.2
12 21.2 20.6 0.6
13 36.2 32.2 4.0
14 29.8 53.8 —24.0

Verity that 90% confidence interval for the difference 1n the means

1s given by (-4.79, 7.21).





