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e Section 5.8-5.9

 Function oftwo RV’s
e Pairs of jointly Gaussian RV’s



Functions of Two Random Variables

= In general, we have to find the pdf and cdf
of a random variable Z=g(X,Y)

s Start with the event {Z < z}
= This leads to the event {g(X,Y) < z}

= This leads to the event {(X,Y) € R(z)},
where R(z) is some 2-D region in the (x,y)
plane




Functions of Two Random Variables

= The probability of the event {(X,Y) e R(2)}:

" PIZ < 2] = P[{(X.Y) e R(2)} ]

——, K(2)= ﬂ fy (X, y)dxdy

R(z)

[ cyxbeay
£(z) = sz(z) L(Z)

dz dz




Functions of Two Random Variables

= In summary, for Z=g(X,Y)
{Z <z} = {g(X.Y) <2z} = {(X)Y) € R)}
= Examples:

L=X+Y
L=X1Y

Z =X +Y?




Example 1.8

s Let X and Y be two random variables with a
joint pdf fy (x,y). Find the cdf and pdf of
the random variable Z=X+Y.

P[Z < z] = P[X+Y < Z]

P[X+Y < z] =
P[{Y < z-x} n {-00 < X < +o0}]




Example 1.8

P[£Z<z]=P[X+Y <Zz]=
PI{Y < z-x} n {-00 < X < +00}]




Example 1.8

P[Z<z]=P[X+Y <z]=
P[{X £ z-y} N {-00 S Y < +0}]
o Z—Y

y P[Z<z]=1 | £,(xy)dxdy

o Z—Y

(@)= 1 [ £, (xy) dx dy




Example 1.8

F(2)= 1 [ £,(xy)dy dx

F.(2) = [ h(z,x) dx

h(zx) = | £, (xy) dy




Example 1.8

F (D)= [h@X) dx| (- @

X

dz
dF = d
f(z)= 322) = [ (h(z,)) dx

d d (=
E(h(Z,X)) —d—( L xv(x Y) dy}




Example 1.8

; d (= '
S (z) = 51 Tt (cy) o
;—z(h(Z‘,X)) =ty (X,2 - X)
dF; e
£(2) = gi"‘) = 1% (h(z,)) dx
fz(z):dFZ(Z): | fxy(X,Z—X)dx
dz =




Example 1.8

= Therefore, for Z=X+Y:

co F—X -::;-c\z_

FR(2)=1 T fy(xy)dydx=1 f f,(x,y)dx dy

f,(z) = | foy (X,2—x) dx = | e (z _YfY) dy

—(T —T
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Example 1.8

f.(z)= _z fy (X,Z2—x) dx

When X and Y are independent:
fxy(x;Y) = fy(x) fv(Y)

£ (z) = _foy (x,z—x)dx = zfx(x)fy(z — x) dx




Example 1.8

= When Z=X+Y and X & Y are independent:

£(2) = [ 0% (z—x) dx

£,(2)= [ f(z-y)f(y) dy

f, is the convolution of fy and f,




Example 1.9

m Let X and Y be two random variables with a
joint pdf fyy(x,y). Find the cdf and pdf of
the random variable Z=X/Y.

T H{ {X2zy}N{-~<Y¥<0})
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Example 1.9

= P[Z < z] =P|{X<zy}n{Y>0}

+P{X 2 zy} n{Y <0}

- YZ

D Y4 F (z) = J. j f, (x,y)dxdy

0O —=

0 e

vX

+ j J'fxy(x,y)dxdy

— o= Yz




Example I.9

Y

xydxdy+j .[ - (X,y)dxdy

— oo ‘}f

= [h(y.2)dy+ [h(y.2)dy




Example 1.9

F (2)

oo 0
= |h(y,2)dy+ [h(y,2)dy
0 C -

f (z)= dl:;;(zz)

_i4d
0dz

0

(h(y.2)) dy+ | -

d

(h,(y,2)) dy




Example 1.9

d d( '
- (h(y.2)= E{L By (Xx.¥) dXJ
d
4, (h(r.2)) =y (zy.y)

S D)= o 16 (cy) &)

Z dz

d
4, ((r.2)) =yt (zy.y)




Example 1.9

D

6@ =1 (h(y,2) dy+ | (hy.2)) dy

d

0 dz
" Q

f(z) = E')fov(erY) dy - _mefxy(erY) dy

f(z) = _L 'y [ fiy(zy.y) dy




Example 1.9

= Therefore, for Z=X/Y:

= Y

.[ .[ nydxdy+.[ .[ f, (x,y)dxdy
- g

f(2) = I yf(zy.y) dy— | yhy(zy.y) dy

f(z) = L 'y [ £y (zy.y) dy
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Example I1.10

= Let X and Y be circularly symmetrical

random variables with a joint pdf fyy(x,y).
Find the cdf and pdf of:

Z = X+ Y?
Ya

/

P[Z<z] =P X +Visz

vX

- P[x2 + Y2 <Z?|
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Example I.10

= Since X and Y are circularly symmetrical:

fXV(x-Y)=Q(|") Where‘ S \/x2 _|_y2

Y4 F(z) = :]T r)(rde)dr

Z@ is FZ(Z) — 2RTP9(P)dP

0




Example I1.10

Therefore, for circularly symmetrical X &Y,
the random variable 7 = \/)(2 +y°

f,(z) = dEéZ)

x f (z) = 2nzg(z)
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Example I.11

Let X & Y be jointly Gaussian (normal) and
circularly symmetrical RVs. Find the pdf and cdf

of the random variable: 7 — \/XZ +y?

Solution

Since X & Y are normal and C.S. , then they must have:

»+ Zero means

+ A zero correlation coefficient (for normal RVs this
implies independence)

» Equal variances
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Example I.11

Therefore
1 —(x2 +y2)/262
X, = |
f)(‘)’( Y) 2?.[02 €
o (Xy) = b ered g(r)
XY ZTCGZ

Now using: fZ (Z) — ang(z)
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Example I.11

f,(z) = ZKZ( 1 eff&ﬁj

210"

Z
fz(z) - ‘¢ 7% /2¢6° 72>0

Hence, z has a Rayleigh density function
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Functions of Random Variables

Therefore, when X & Y are jointly Gaussian
(normal) and circularly symmetrical RVs, then
the random variable:

Z = JX2+y2

is a Rayleigh random variable
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