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Quiz

 Write the pdf of a Gaussian random
variable

e What’s the difference between a normal
random variable and a standard normal
random variable



Reading

e This class: Section 4.6-4.7
e Next class: Section 5.1-5.2



Functions of RVs



Functions of Random Variables

= Functions of random variables are also
random variables

= The pdf of the random variable Y=g(X)
depends on:

e The function g(x)

e The pdf of the random variable X: fy(x)




Example I.4

s Let Y=aX+b,

where a and b are some non-

zero constants and X is a RV with cdf Fy(x).

Find the cdf

and pdf for X.




Example I.4

s Fy(y) = P[Y <]
P[Y <y]=P[(aX+b)<y]

P[Yiy]zP[Xé(%)] ifa>0

P[ygy]zFx(YT'll") ifa>0




Example I.4

= Fy(y) = P[Y < y]
PLY < y]=P[(a><+b) <y]

PIY <y]=P[X>( 2 )] ifa<0

P[Y<yl=1- F( ) ifa<O 18




Example I.4

s Therefore, for Y=aX+b

PLY <yl=F,(y)= F( %) ifa>0
PLY <y]=F,(y)=1-F (X2 ) ifa<0O

= Derive fy(y) is terms of fy




Example I.5

= Let Y=X?, where X is a RV with cdf Fy.
Derive Fy in terms of Fy .

R (y)=P[Y <y]

Y<y & x <X<X,

Ry (y)=P[Y <yl=P[x, < X<x,]
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Example I.5

F,(y)=P[Y<y]=P[x < X<x,]

Y=X2

Remember, in general:

Fe(%2)—F(x))
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Example I.5

For a RV with a continuous cdf:

PIx; < X <x,]=F (%) —F (%) =F(x;) =R (x; )

Y=X?

\ y

R (y)=F(x,)-F(x)

FV(Y):FX(\N)'FX('\N) Vy=0

Derive fy(y) is terms of fy
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Fundamental Theorem

s If X , X5, X3, ... X, , ... are solutions to
the equation y=g(x), ‘rhen the pdf of the RV
Y can be expressed as:

f (%) f (%)
h(¥)= | dg(x,)/dx | | dg(x,)/dx |
y

________________________________________________

X; X, X3 X4 X
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Example I.6

s Let Y=X?, where X is a RV with pdf fy.
Derive fy in terms of fy .

Y, Using the fundamental theorem,
y=X2
fe(x) fi(x2)
f — XA\ "™ + XA\7Y2 4+ ...
FV(Y) |dg(x,)/dx | |dg(x,)/dx|
X

We need to find the solutions x,,x,,x5 ,..
to the equation y=g(x)=x?




Example I.6

The equation y=g(x)=x2, has two solutions:

y=X2

=—Jy and x,=,y Vy=0
£(y)= f (x1) fi(x2)

+ “ o
| dg(x,)/dx | |dg(x,)/dx |

.\I.""y

X ﬂ(y)-”f) B()

2l 2y
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Markov inequality

 Markov's inequality gives an upper bound
for the probability that a non-negative
function of a random variable is greater
than or equal to some positive constant.

e Markov's inequality (and other similar
inequalities) relate probabilities to
expectations, and provide (frequently)
loose but still useful bounds for the
cumulative distribution function of a
random variable.
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Markov inequality

e if Xis any random variable and a > 0, then

E(|X
Pr(|X] > ) < .
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Proof:

For a>0. let

{1, if X >a

0, otherwise

Since X >0,

Taking expectation of the above

But E[I]=Pr{X >a},

| <

>
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Example 4.37

The mean height of children in a kindergarien class is 3 feet,
ability that a kid in the class is taller than 9 feet. The Markov

= .389.

6 inches. Find the bound on the prob-
inequality gives P[H = 9] = 42/108
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Chebyshev inequality

e Chebyshev inequality states that in any data
sample or probability distribution, nearly all the
values are close to the mean value, and provides
a quantitative description of "nearly all" and

"close to".
e |n particular,

1
Pr(|X —pu| = ko) < =k

No more than 1/4 of the values are more than 2
standard deviations away from the mean;

No more than 1/9 are more than 3 standard deviations
away,;

No more than 1/25 are more than 5 standard deviations
away;

and so on. In general:

No more than 1/k2 of the values are more than k
standard deviations away from the mean.
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1 T 1
Chebyshev’s Inequality 1:-1-“){ _ H| > g-_,j) < o3
If X is a random variable with finite mean p and variance o2, then for any value

k> 0.
2

Pr{X — 4> k}s%

Proof: Since ( X - p)? is a non-negative random variable,

pr{(x —,u)2 > kZ}S E[(X _/“)2] Markov inequality
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Ex 8.1:
The numbers of robots produced in a factory during a day is a random
variable with mean 100. Describe the probability that the factory’s
production will not less than 120 in a day. Also if the variance is known to

be 5, then describe the probability that the factory’s production will be
between 70 and 130 in a day.

Ans
Let X be a random variable of the numbers of robots produced in a day.
By the Markov’s inequality:
P{X >120}< E[X] _100 5
120 120 6
Therefore, the probability that the factory’s production will not less than
120 in a day is not greater than 5/6.

By the Chebyshev’s inequality: Pr(|X| > a) < E(|X])
2 a
P{X ~100/230}< 2 =
30° 36 o2
1 135 PI’ﬂX—,u‘Zk}S—Z
P{X -100/<30}>1-— == K
36 36

Therefore, the probability that the factory’s production will be between 70
and 130 in a day is not smaller than 35/36. 23



Pr{X —u> k}g%

Example 4.38

The mean response time and the standard deviation in a multi-user computer system arc known
to be 15 seconds and 3 seconds, respectively. Estimate the probability that the response time is

more than 5 seconds from the mean.
The Chebyshev inequality with m = 15 seconds, o = 3 seconds, and @ = 5 seconds gives

9
PllX — 15 = < — = 736.
[l 15| = 5] x 36
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Pr{X —u> k}g%

Example 4.39
If X has mean m and variance o2, then the Chebyshev inequality for a = ko gives
1
P[IX —m| =z ko] = pe
Now suppose that we know that X is a Gaussian random variable, then for & = 2, Pl
— 0456, whereas the Chebyshev inequality gives the upper bound .25.

X — m|l = 20]
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Transform Domain Methods

= These methods facilitates the analysis of
random variables and their functions by
looking at them in other ("frequency”)
domains

= We will consider two such methods:

e Characteristic Function
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Characteristic Function

= The Characteristic Function of a random
variable X:

®, (o) = E[e]

D, (0)= [ e £ (x)dx

— o0

= The characteristic function is the “Fourier
transform” of the pdf (with sign reversal)

28



Characteristic Function

= The probability density function can be
derived from the characteristic function:

1 7% -
S I ) — jox
f (x) o DJ; (e ™ do

o, (0)= | f(x)e" dx

— o

The pdf and the characteristic function form
a unique “"Fourier transform pair”
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Example: Exponential RV

b, ()= [ e £ (x)dx

(wu)

O, () = J.?ue‘}"‘ el dx

0

_ ?Lm (jo —A)x d _
L T
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Characteristic Function

= The characteristic function can also be
defined for a discrete random variable

@, () = E[e™]

o, (0) = > P.(x)e"™
K
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Characteristic Function

= In many cases, the discrete random variable
X, takes on integer values: X, =k

= E.g. the number of “successes” in n Bernoulli
trials

@ (w) = D P (x)e"™
k

@, (0) = > P(k)e"
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Characteristic Function

= Since

ej(_(ﬂ+ 2n)k _ ejmk ejZﬂk _ ej(ﬂk

Therefore, ®y(w) for integer-valued (discrete)
RV is a periodic function of ®
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Characteristic Function

= For a discrete RV, the probability mass function
can be derived from the characteristic function:

1 en »
P (K) = o Of@bx (0)e *do k=0, +1, +2. .

D, (0) = D P (k)e!

The pmf values p,(k) are the coefficients of the
"Fourier series” of the (periodic)characteristic
function ()
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Characteristic Function

= The Moment Theorem:

The nth moment of a random variable X can
be evaluated using its characteristic
function:

E[x"] = ln dn d ()
j" dw
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Example: Exponential RV

= Let X be an exponential random variable

with a pdf:

fx(X) = e M

find the mean and variance of X using the

moment theorem

E[x"] =

1 J
j" dof . ()

w=0
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Example: Exponential RV

= Remember: A
D, (w) =

A— jo
= Therefore,

d A

—®d () =
d(i) x( ) (7\,—\1(1))2
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Example: Exponential RV

d AJ 1d
Bl — _- =
d(i) x((ﬂ) (?\,—j(ﬂ)z E[X] Jd@)(I)X(m)

w=0

_1J E[X] =~
EXl=— = [X]=~

= Find the variance (as an exercise)
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