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Chapter 7: Sums of Random Variables and Long-Term
Averages

7.1 Sums of Random Variables

@E[X +Y +Z]=EX]|+EY]+E[Z] =0
a) From Eqn. 5.3 we have

VAR(X +Y +Z) = VAR(X)+ VAR(Y)+ VAR(Z)
+2C0V(X,Y) + 2C0V(X, Z) + 2COV (Y, Z)

= 1+1+1+2(i)+2(0)+2(—%):3

b) From Eqn. 5.3 we have
VARX+Y +Z)=VARX)+VAR(Y)+ VAR(Z)=3

-
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G2 £[S.] = £ [Z‘ Xi} =S EX] = 73

i=1 i=1

VARS,) = S VAR(X) +33 COV(X;,X:)
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. VAR(S,) = ne* + 2(n — 1)po?
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Forn = 16, Eqn.7.20 gives Iy

12
Pl|Mg—0| <e]>1-—

~ige

Since .M]g is Gaussian with mean 0 and variance 1_16

P[]M},%— O] <e] = Pl-e<My< el=1-— 2@(@6)

= 1-2Q €)
't

g _
Similarly for n = 190 we obtain

PlMg -0 <e] 2 1“3%'652
Pl[Mgg 0] <e] = 1-2Q()

For example if € = %
Pl| Mg < %1 > 1- T =35 N
XIu
1 —2@(35& —1—2(&#&0-3 = 39,954

|
=
e
A
Al
I

5] 2 15 8L96/4 ig’ g.d
L _ = -6
Pl|M =] = -2 =1—2 10
[l ?:ﬂ < 2] 1 Q‘(’ﬁf) 1 —2(28%)

Note the significant discrepancies between the bounds and the exact values.

1 VAR(LS,) VAR(S,)
Plas-d>d = ==
2 _ 2
_ no +2(n—1)po I
n2e?

= Week Law of Large Numbers holds.
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o= PH;SRQ'U'";’E] = 252
1 g ,[n—1 p 1—pt
— 2 —
nzez[na+po' (l—p l—p 1—p
o? 20t n-1% 1 p(1 - g
nez = g2 \n(l—p) n? (1-—p)?
— 0 as n — oo (assuming p < 1)

= Weak Law of Large Numbers holds.

=% 4)  LHS = Y(X?=2uX;+p2) =Y X? - 2u(nM,) + ny’
i=1 Jj=1
RHS = Y (X3 —2M,X;+ M?)+n(M, — p)’

j—l
= ZXZ M, (nMy,) + nM? +nM? — 2npM, + np®

7=1

= ZXJ?—2ann—|-ny2:LHS Vv

=1

b [ = .
S[kZ(Xj—MnP] = kE | 30X — ) = (M, — )

g=1:

N ]

from part a

= kZS[ 1)?] = kn&[(M, — 1)?]

o
= kno?—kn—
n

= k(n—1)0® since VARM,]| =2

c) ¥ k= ¢ then E[VF] =¢*

d) if k£ = X then
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7.3 The Central Limit Theorm

/

==z +he relevant parameters are n = 100 ,m=np= 50, 0% =npg =25 . The Central
Limit Theorem then gives:

P[40, <N <60 =

P[zw: — 50 <th<60;;—50}

7 il 257
LN L~
-2 9-
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>~ D~
Q(~6:324) — Q(6324) = 1 — 2Q(6:324) -

= 1— %5430-12)2(2.28) %15 " = 5.954F

2

P50 SN <55] m Q0) - Q(3362) = 5 — BBEOY) = 6.44
- aIS?
868

5-zo [he relative frequency fa(n) has mean 2 and variance p(l—p) =

10 n

P[|fz(n) — 03] < 0.02] = P[0.§8 < fa(n) < 0.22]
= p [0.08—0.10 _ fa(m)—01 _ 022030

= 1—2@(0'02) =0.95

0.

n

va\ _ v _ e le
= Q (35) =0.025 = 9= 1.95 = n =Z8B 1S3/

@)

S = 7:50___1.' = €(s)=120" E(x]=20x3.5=70

il VAR Cs] =20 VARCXT= 20x2-92= 5%.4

()Siv\.j CLT we have 5,_//\}(?0)53_4)

= = F& 3a- 70
bo-T0 L S ( ____zS

P { 4ods < 30] - Ff i =55

= |-2@®(1-3089):=0.90%4






