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Abstract- In this paper, we propose a decentralized control
scheme for combined motion/force control of nonredundant
multi-manipulator robotic systems, cooperatively grasping a
rigid body in a prespecified position/force trajectory. The pro-
posed control scheme uses the impedance method for modeling
the internal force exerted by the end effectors to the object. The
precise mathematical analysis of the overall dynamical system
and the proposed controller are presented and the stability of
the overall system is studied. The proposed controller, then, is
applied to a cooperative system composed of two PUMA560
manipulators and the simulation results are presented to verify
the proposed control scheme.
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Number of manipulators
Degrees of freedom of manipulators
Joint angle vector of the ith robot
Pos. & Orient. of the ith end-effctr
Pos. & Orient. of the object
Input torque of ith robot
Interact force (ith end-effctr & obj)
Internal portion of hi
ith manipulator Jacobian
Object Jacobian
Object Jacobian w.r.t the ith manip.

II. INTRODUCTION
The use of a collection of robots to execute a common task

such as cooperative object transport is becoming more com-

mon as the costs of robotic hardware, processing power and
software continue to become lower. Using multiple robots
versus a single robot has the advantage of distributing a load
among several smaller and less expensive robots, and tighter
control of the internal force of the payload. In addition, by
cooperation, there may be increased dexterity in handling the
payload, fault tolerance and reconfigurability. Coordination
of multiple robots is essential in many applications such as

manufacturing and assembly tasks, which often include the
situations where multiple arm robots are grasping an object in
contact with environment. Examples are scribing, painting,
grinding, polishing, contour following, object aligning and
plotting among many others[l].

The purpose of controlling a coordinated cooperative
robotic system is to control the contact forces between the
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environment and the object in the constrained direction, and
the motion of the object in unconstrained directions, while
maintaining the internal forces[9] and the tracking problem

was analyzed in [10]-[11], in the case of environmental
constraints.

To deal with uncertainty in system dynamics, adaptive
controllers were proposed in [12]-[14], where measurement
of joint accelerations was used and also in [15], where a
new adaptive scheme for Force/Motion control of cooperative
robots interacting with geometrically unknown environments
were introduced. The requirement for joint accelerations was
relaxed later in [16]. In [17], a systematic adaptive control
strategy based on the concept of virtual decomposition was
introduced to handle a variety of control objectives. A similar
work was also proposed by [18]. An adaptive synchronized
control approach was presented in [19] to address the co-
ordination problem, when the robots are not kinematically
constrained but they perform a common task.

In [20], a new control strategy for force/motion control of
cooperative robots without velocity measurement has been
studied, where also an adaptive velocity estimator has been
proposed. Control problem of cooperative robots with passive
joints has been studied in [21].
Impedance control has generally been implemented by
adding a force loop around a position controller to reg-
ulate the contact force. Actually, Sensed force is used to
make corrections to the commanded trajectory via an admit-
tance/compliance relationship. The modified trajectory is the
input to the position controller [22]-[25].

Impedance control of cooperating manipulators should
enforce a relationship between velocity and internal force.
Otherwise, the object dynamics can contribute to tracking
and steady-state position errors. Most of the previously pro-
posed impedance controllers for cooperating manipulators do
not adequately address this phenomenon. As some instances,
[26] does not consider the object dynamics at all and [27]
includes only a gravity term. These limitation is then relaxed
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in [28] where dynamics of the manipulators contribute to the
trajectory tracking.

In this paper, a new decentralized controller based on
impedance formulation of internal forces is proposed. We
consider a multi-arm robotic system manipulating an object
in a prespecified position/force trajectories. There are m non
redundant robots grasping tightly a rigid object through at
m specified points such that there is no relative translational
motion between the end-effectors of robots and the object at
the contact points. Impedance control scheme presented in
this paper embodies two key concepts:

- Unlike many centralized approaches such as [27]-[28],
the dynamics of the manipulated object contributes
to making the control law a decentralized one. Thus,
knowledge of the object dynamics is required.

- All of the manipulators are nonredundant, that is, the
number of degree of freedom of each manipulator is
equal to the dimension of the operational space(k).

In section 3, the dynamics of each component of the
interconnected system is described and the kinematic
relationships among the components are specified. In
section 4, the impedance control scheme is presented and
the stability analysis of the proposed adaptive control
system is studied. To verify the effectiveness of proposed
controller, the simulation results are given in section 5.
Some concluding remarks are also given in section 6. The
proposed controller is applied to a system of cooperative
manipulators consist of two PUMA560 arms grasping a
rigid object in cartesian space. Also, all the simulation
results have been produced using a real-time robotic
toolbox(RTROB) written in C++ by the authors.

III. DYNAMICAL MODEL
Consider the system of m robots handling an object as

shown in Fig.l. The object could consist of multiple objects
in contact with each other during an assembly task. Each
manipulator grasps the object rigidly and, thus, may exert
both a force and a moment on the object.

by xi C Rk. Denoting qi C Rk as the vector of joint angles
of robot i, robot end-effector velocities are related to joint
angle velocities by

xi = Ji (qi)}i (1)
where Ji(qi) C Rk'k is the robot Jacobian matrix. The
dynamics of ith robot is described by

Mi (qi) ji + Ci(i: i) i + gi(qi) =Ti - JT(qi)hi (2)
where Tr e Rk is the vector of joint torques and hi C Rk
denotes the interacting force between robot end-effector
and the object. The term Ci(qi, i) i C Rk represents
the Centrifugal and Coriolis forces. Also, gi(qi) C Rk is
representing the gravitational forces.
The manipulated object dynamics is given by

MO(xo)0)io + Co(xo0 -O)Jo + go(xo) = Jf(xo)h (3)
where Co(xo0, O)±o C Rk is the vector of Centrifugal and
Coriolis terms and go(xo) C Rk is the vector of gravitational
forces. Also h = [hfT hT... hT]T is the vector of total inter-
acting forces and JO(xO) [ j'ij (e) =j2 (Xo) ... jo (o)]T
is the object jacobian. The matrix Joi(xo) C Rkxk relates
the velocities of the object and the velocities of the end-
effector of the ith arm. For k = 6 and representing xo as the
cartesian space position and orientation of object we have

j3 Qoi (Xo)
oio-L° I3 (4)

where
[ 0o riX (x0) riy (xo)

Qoi(xo) = riz (xo) 0 -riz (x0)
_ riy (x0) rix (x0) 0

in which the vector ri [rix riy riz]T is displacement
between CM and ith end effector. We have the following
assumptions

- The inertia matrixes Mo(xo) and Mi(qi) are assumed
to be bounded and P.D.

- The matrixes W(x0,±S) = MO(xo) -2CO(x0,SO) and
W(qi qi) = Mi(qi)- 2Ci(qi qi) are skew-symetic.

This cooperative system has the following kinematic con-
straints

Xi = Oi (qj) = ioj0(xo) i T1

±j = Jjq(qj)j = Jio(x0o).;o
where oi and oi, are differentiable functions.

A. Internal Force
When multiple manipulators grasp an object, the force ap-

plied by the manipulators may be decomposed into motion-
inducing and internal force this way

h = hM+hI (6)
Fig. 1. Multi-manipulator System

It is assumed that each robot grasps the object at its end-
effector whose vector of position and orientation is denoted

where hM is the motion-inducing component and h, is the
internal component of h. hM is define to be

hM = JT+JT h = JO +(Mo:o + Co0o + go) (7)
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where jOT+ is the pseudoinverse of JT4. Therefore the int(
component, hl, is calculated by

h= (I-j_ JTjT) h = h J-T+ (Mo.,o + Coj±o + go)
The pseudoinverse, JOT+, depends on the metrics ch

for the space of applied forces and the space of net fc
on the object. JOT+ can be calculated by

jT± l[jT ..JiT1TJo+=m ol * om I
For a detailed discussion of internal force in coopers

manipulators including extensions reader can see [25]
should also be noted that the projection operator ontc
internal-force subspace, I- J0+JO, does not depend oi
object Jacobian[28]. To show this fact we perform the m
multiplication

jT+jT =

00, [

'6 TjT
JT olT2
o2 JL 16

JoTj TT JToTdom dol dom o2

jf-TTT... ol om
... o2 om

... '6 I
where for i, j = 1,... ,m

j- TT1_ 3 031
oi oi L QOT Qoi 13o

Thus, I jT+jT depends only on the relative pos
vector of the end-effectors and not the object Jacol
This matches our intuition as internal force should not
function of where the object frame is located. It also per
us to choose any suitable frame on the object as the
frame.
When the internal force exerted by the ith manipulat

needed we have

hi= {hI}i = hi {Jf}jM +co0C o +g0)
where {h1}i represents the ith column of h, and {JT+
the ith segment of jOT+. The control objective is to de
the control signal Ti such that xi, ±i and hli follows
prespecified trajectories xCl, ±d and hcd respectively.

IV. IMPEDANCE CONTROLLER DESIGN AND STABIL:
ANALYSIS

Impedance control enforces a relationship between f
and velocity and has been shown to be a valid concep
a robot that interacts with its environment[22]-[25]. S
our objective is to simultaneously control the motio
objects and the internal force and not the total force
interaction, impedance control for cooperating manipul
should enforce a relationship between the internal force
velocity. One possible impedance relation applied to the
effector of each manipulator has the following form[28

hI=Iizx + Di.i + Sixi
where

- i= xi xi is the Cartesian position and orients
error of the ith robot end-effector.

ernal

(8)
iosen
wrces

(9)
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~~~~~
- hii = h1i- h,i is internal force error at the ith robot

end-effector.
- Ii, Di and Si are the desired inertia, damping, and

stiffness matrices for the ith robot.
Right now we propose the following decentralized control

law for each manipulator

(14)ri = Mi[J-sl(aetie- Jb)] +Cie i +gi + Jehi
where a,j is selected to be

axi= + -1f[D x- + S SC + hi -hif JT±}(M %
+ CO±o +g0)]

(15)
LIIh in which {J0T+±} is ith segment of jT+
th.e It is clear that, assuming the desired trajectories x d, Sidiatrix i xi

and hId by measuring qi, i, Ji and end-effector force,
hli, the required joint torque can be computed provided
that xo can be computed from xi easily (xo and its first
and second time derivatives are needed when calculating

(10) the object Jacobian, JO and object dynamics). The actual
Cartesian position and orientation of each robot end-effector
can be computed from the measured joint angles of each
manipulator and the forward kinematics.

The proposed impedance control has the following prop-
(1 1) erties

- Desired internal force, h. , must be chosen to lie in
'ition the range of the internal force projection matrixr, I-
bian. JT+j, which is of rank 6m -6 (that is hd = BlAd
be a where BI is a basis for I jT+jT and Ad is a
rmits (6m -6) x 1 vector representing the desired internal
task force) [28].

- Knowledge of the object dynamics is required.
-or is - The proposed control scheme is a decentralized one.

Because the control law for ith robot can be computed
from sensed position and contact force measured from

(12) only ith robot.

}i s A. Stability Analysis
.sign Substituting the control law (14) into (2), yields the error

ithe dynamics of the ithe robot exactly the same as (13) (provided
that each robot's Jacobian, Ji, is nonsingular). Using this

ITY fact, the following stability lemma can be proved:
Lemma 4.1: If Ii, Di and Si in equation (15) are symmet-

force ric positive definite the system is asymptotically stable.
It fo)r Proof: First let us define the followingsIL IUI

since
In of
s of
ators
and
end-

(13)

ation

e = [.X.T]T
=[1 2 *- m]

'

*T * T .T ]Tx =[44~ ...m
I= [_II 2 Im]T
D= [Di D2 .. Dm]T
S = [Sl S2 Sm]T

(16)

Now, consider the following Lyapunov's function candidate

2 2TI 1 T (17)

Differentiating V with respect to time and using (13) yields

V = T(Ix+ Sx) = .T(h Dx) (18)
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V. SIMULATION RESULTS AND CONCLUSIONS

±i Ji0(xo)J0 (19)

which yields

x = Jo(Xo)o (20)

By substituting (20) into (18)

V 4JO h x- DX) (21)

Since h, lies in the null space of J4, the first term on the
right is zero and

V=-XTDXD 0 (22)

The state variable for our Lyapunov's function candidate is
e =[ST xT]T* Let us define L to be the largest invariant
set in R = {eV(e) 0}. Due to LaSalle's invariant set
theorem [28], e asymptotically converges to L as t --> oc. It
is easy to find L as

L = {ex; = O, Sx = hi} (23)

Using the fact that hi lies in the null space of J4, we get
at convergence

JoSx = J 0h/= ° (24)

The proposed decentralized impedance scheme has been
applied to system of two identical 6DOF PUMA560 manipu-
lators cooperatively grasping a rigid object in a pre specified
trajectory. All the joints are revolute. All the simulations have
been done using an real-time object oriented C++ robotics
library named RTBOB written by the authors. This toolbox
can be used for modeling, trajectory generation and control
of single of multiple manipulators system. This library is
completely open source and can be achieved from the authors
by email. Fig.2 to Fig.3 shows the trajectory generated by the
C++ library for position and orientation of the center of mass
of the object. Fig.6 to Fig.11 show simulation results after
applying adaptive and robust controllers on the cooperative
system.

Note that in the simulation, we have shown the
Cartesian angular velocities of the CM of the moving
object(o, woyo wZO) instead of first derivatives of Euler
angles(4O 0O O/). In these figures, Cartesian vector elements
are shown by numerical indices; (e.g. wod2 is w0). Also
errors are shown by letter e; (e.g. ewl is wxo-ox) and the
time derivatives have been shown by letter p; (e.g. exop2
is O1-0 d).

which results in the following contour for convergence

JoTSlXl+ JoLS2X2+ +JfmSmXm = 0 (25)

Now, let us decompose the position and orientation of the
ith end-effector this way

Xi [p[T T]T (26)

where pi is the vector of Cartesian position and oi is the
vector of Euler angles of ith end-effector. By segmentation
of Si as

S = Sip 03

L03 Sio j

(27)

and using (4) we get

J Sj SipPi
ii - QSippi + Sio °i (28)

Now the convergence contour (25) can be rewritten as

Im 1=sipPi =O0
lEi=l Qi iP+ oo=O (29)

Because all the stiffness matrices, Si, are P.D., we can
conclude from the first linear equation Pi = 0 and from the
second one oi = 0. So the system is asymptotically stable.
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Fig. 2. Cartesian position trajectory of the CM of the object.

Fig. 3. Cartesian velocity trajectory of the CM of the object.
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Using the kinematic constraints (5), we have



Fig. 4. Cartesian angular velocity trajectory of the CM of the object.

Fig. 5. Orientation trajectory of the CM of the object.

Fig. 6. Cartesian position errors of the CM(IMP CONT).

Fig. 7. Cartesian velocity errors of the CM(IMP CONT).

Fig. 9. Cartesian angular velocity errors of the CM(IMP CONT).
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Fig. 10. Internal force errors for Arml(IMP CONT).

Fig. 11. Internal force errors for Arm2(IMP CONT).
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Fig. 8. Euler angle errors of the CM(IMP CONT).
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