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Abstract: In this paper, we propose a new state estimation filter called POLYFILTER, which is based on polynomial
approximation of the nonlinear transformation obtained using particular multidimensional extension of Stirling's Interpo­
lation Formula (SIF). In contrast to the Extended Kalman Filtering, no derivatives are needed in the interpolation formula;
only function evaluations are needed during interpolation. This accommodates easy implementation of the filter, and it
enables the state estimation even when there are singular points in which the derivatives are undefined.
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When it comes to state estimation for nonlinear sys­
tems there is not a single solution available that clearly
outperforms all other strategies. A series of estimators
have been proposed over time, which for the most part
are nonlinear extensions of the celebrated Kalman Filter.
Therefore, for each application one has to pick the esti­
mation strategy having various properties such as estima­
tion accuracy, ease of implementation, numerical robust­
ness, and no computational burden. Up to now, the Ex­
tended Kalman Filter (EKF) unquestionably has been the
most dominating state estimation technique. The EKF is
based on first-order Taylor approximations of state tran­
sition and observation equations over the estimated state
trajectory. Application of the filter is therefore contingent
upon the assumption that the required derivatives exist
and can be obtained with a reasonable effort. The Taylor
linearization provides an insufficiently accurate represen­
tation in many cases. Even convergence problems, are
commonly encountered due to the overly crude approxi­
mation. Although several estimation techniques are avail­
able that are more sophisticated than the EKF, e.g., re­
iteration, higher order filters, and statistical linearization
[1]-[3], but the more advanced techniques which gener­
ally improve the estimation accuracy, cause further com­
plication in implementation and an increased computa­
tional burden.

In this paper, we propose a new estimator called
POLYFILTER, which is based on polynomial approxi­
mations of the nonlinear transformations obtained using
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1. NOTATIONS
Estimation of Xk using
Zk == [z(O), z(l),··· ,z(k)]T; (E[Xklzk])
One step ahead prediction using
Zk; (E[Xk+ll zk])
E[Wk]
E[Vk]

E[(Xk - xklk)(Xk - Xklk)Tlzk]
One step ahead prediction of f%lk

2. INTRODUCTION

particular multidimensional extension of Stirling's Inter­
polation Formula (SIF) [4],[5]. Conceptually, the prin­
ciple underlying this new filter is quite similar to EKF
and its higher order relatives, but the implementation is,
however, quite different. In contrast to the Taylor approx­
imation, no derivatives are needed in the interpolation
formula; only function evaluations are needed during in­
terpolation. This accommodates easy implementation of
the filter, and it enables state estimation even when there
are singular points in which the derivatives are undefined.
Although the implementation is less complicated than the
filters based on Taylor approximations, but the computa­
tional burden will often be comparable in size or even
slightly bigger. Additionally, under certain assumptions
on the distribution of the estimation errors, the POLYFIL­
TER provides a similar or even superior performance.

Recently there has been interesting developments in
derivative-free state estimation techniques [6]-[9]. It is
important to note that these filters occur as special cases
of filters based on the interpolation formula. So our pro­
posed filter is more general than the filters described in
[6]-[9]. The filter described in [9] corresponds to a subop­
timal implementation of the filter derived using first-order
approximations, while the filters proposed in [6] and [7]
have the same a priori state estimate and a related, but
less accurate, covariance estimate as the filter derived us­
ing second-order approximations.

The remainder of this article is organized as follows.
First we introduce Multidimensional Stirling's Interpo­
lation Formula (SIF) in Section 3. The mean and co­
variance approximation will be given in Section 4. Sec­
tion 5 is devoted to state estimation of nonlinear systems.
The The Extended Kalman Fileter(EKF) is recalled in
Subsection 5.1, while POLYFILTER, as a new filtering
scheme is described in Subsection 5.2. The POLYFIL­
TER is based on the first-order approximation. Actually,
the filter is derived by employing the first-order approx­
imation presented in Section 3. In principle, this corre­
sponds to the EKF except that the Jacobians are replaced
by divided differences. The state update is therefore the
same as the one in the Extended Kalman Filter, but the
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difference can be found in the update of the various co-
variance matrices. Generally, POLYFILTER can be im-
plemented more easily. The performance of the new filter
is demonstrated using a practical example in Section 6.
Finally, Section 7 summerizes the main results and draws
conclusion.

3. MULTIDIMENSIONAL STIRLING’S
INTERPOLATION FORMULA(SIF)

By restricting our attention to the second-order poly-
nomials, we can write the multidimensional SIF as fol-
lows

f(x) ≈ f(x0) + D̃∆xf
∣∣∣
x=x0

+
1
2!

D̃2
∆xf

∣∣∣
x=x0

D̃∆xf =
1
h

( p∑
i=1

∆xiµiδi

)
f(x)

D̃2
∆xf =

1
h2

( p∑
i=1

∆x2
i δ

2
i +

+
p∑

i=1

p∑
j=1,j �=i

∆xi∆xj(µiδi)(µjδj)
)

f(x) (1)

where δi and µi are considered as the ”partial difference”
operator, and the ”average” operator, respectively, given
by δif(x) = f(x + h

2 ei) − f(x − h
2 ei) and µif(x) =

1
2

[
f(x+ h

2 ei)+f(x− h
2 ei)

]
. Also ei is the ith unit vector.

The parameter h denotes a selected interval length.

4. MEAN AND COVARIANCE
APPROXIMATION

Let x be a vector of stochastic variables for which its
expectation and covariance are given as

x̄ = E[x], Γxx = E
[
(x − x̄)(x − x̄)T

]
(2)

Also, let y = f(x) be a function of stochastic variable x.
Now, we would like to determine

ȳ = E[y]

Γyy = E
[
(y − ȳ)(y − ȳ)T

]

Γxy = E
[
(x − x̄)(y − ȳ)T

]
(3)

As f is a nonlinear function we cannot rely on being
able to calculate its expectations. Instead, it is customary
to insert a first or second-order polynomial approxima-
tion in place of f before taking the expectations. Now,
we focus on estimating the expectations using the first or-
der interpolation formula described in (1). It’s important
to note that the polynomial expansion of f will be derived
about x = x̄ = E[x]. We then have

y ≈ f(x̄)+D̃∆xf
∣∣∣
x=x̄

= f(x̄)+
1
h

( p∑
i=1

∆xiµiδi

)
f(x̄)

(4)

Now, by taking the expectation from both sides, it yields

ȳ ≈ f(x̄) +
1
h

( p∑
i=1

E[∆xi]µiδi

)
f(x̄) (5)

Using the fact that E[∆xi] = 0, i = 1, · · · , p, we get

ȳ ≈ f(x̄) (6)

For Γyy and Γxy , we have the assumption that the
cross-correlations of ∆xis are all zero, i.e.

E[∆xi∆xj ] = 0 ;∀i �= j (7)

using the previous technique

Γyy = E
[
(y − ȳ)(y − ȳ)T

]
=

= E
[
yyT

]
−

[
f(x̄)

][
f(x̄)

]T

=

= E

[(
f(x̄) +

1
h

p∑
i=1

∆xiµiδif(x̄)
)(

f(x̄) +

+
1
h

p∑
i=1

∆xiµiδif(x̄)
)T

]
−

[
f(x̄)

][
f(x̄)

]T

=

=
1
h2

p∑
i=1

E
[
∆x2

i

][
µiδif(x̄)

][
µiδif(x̄)

]T

=

=
1

4h2

p∑
i=1

γi

[
f(x̄ + hei) −

− f(x̄ − hei)
][

f(x̄ + hei) − f(x̄ − hei)
]T

(8)

where

Γxx = diag{γ1, · · · , γp} (9)

Similarly, for Γxy

Γxy = E
[
(x − x̄)(y − ȳ)T

]
=

=
1
2h

p∑
i=1

γiei.
[
f(x̄ + hei) − f(x̄ − hei)

]T

(10)

5. STATE ESTIMATION OF NONLINEAR
SYSTEMS

Here, a new filter will be suggested that is based on
the previously derived polynomial approximations. For
this reason, we first recall the Extended Kalman Filtering
scheme, then the POLYFILTER is introduced. This Fil-
ter is fundamentally different from those obtained based
on Taylor approximations in that the polynomial approx-
imations underlying the new filter take into account the
uncertainty on the state estimate. Consider the follow-
ing general nonlinear model of a dynamic system whose
states are to be estimated
{

xk+1 = f(xk, uk, wk)
zk = h(xk, vk) (11)
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wk and vk are assumed to be i.i.d. and independent of
current and past states. Also wk ∼ N(w̄k, Qk) and
vk ∼ N(v̄k, Rk).

The common priori/posteriori update mechanism is
also used here. For convenience, we have the assumption
that The posteriori update of the state estimate is usually
restricted to be linear function of the measurements.

5.1 EXTENDED KALMAN FILTER (EKF)

In EKF, the state transition and observation equa-
tions are approximated by first-order polynomials, as fol-
lows(see the Section 1 for notations)

xk+1 = f(x̂k|k, uk, w̄k) + Fk(xk − x̂k|k) (12)

+ Gw
k (wk − w̄k)

zk+1 = h(x̂k+1|k, v̄k+1) + Hk+1(xk+1 − x̂k+1|k)
+ Gv

k+1(vk+1 − v̄k+1)

where

Fk =
∂f(xk, uk, wk)

∂xk

∣∣
x̂k|k,w̄k

(13)

Gw
k =

∂f(xk, uk, wk)
∂wk

∣∣
x̂k|k,w̄k

Hk+1 =
∂h(xk, vk)

∂xk

∣∣
x̂k+1|k,v̄k+1

Gv
k+1 =

∂h(xk, vk)
∂vk

∣∣
x̂k+1|k,v̄k+1

Now, the EKF algorithm is as follows

1)Fk =
∂f(xk, uk, wk)

∂xk

∣∣
x̂k|k,w̄k

(14)

2)Gw
k =

∂f(xk, uk, wk)
∂wk

∣∣
x̂k|k,w̄k

3)x̂k+1|k = f(x̂k|k, uk, w̄k)

4)Hk+1 =
∂h(xk, vk)

∂xk

∣∣
x̂k+1|k,v̄k+1

5)Gv
k+1 =

∂h(xk, vk)
∂vk

∣∣
x̂k+1|k,v̄k+1

6)ẑk+1 = h(x̂k+1|k, v̄k+1)

7)Γxx
k+1|k = FkΓxx

k|kFT
k + Gw

k QkGwT
k

8)Γzz
k+1|k = Hk+1Γxx

k+1|kHT
k+1 + Gv

k+1Rk+1G
vT
k+1

9)Kk+1 = Γxx
k+1|kHT

k+1Γ
−zz
k+1|k

10)x̂k+1|k+1 = x̂k+1|k + Kk+1[zk+1 − ẑk+1|k]
11)Γxx

k+1|k+1 = Γxx
k+1|k − Kk+1Hk+1Γxx

k+1|k

where GwT
k = [Gw

k ]T and Γ−zz
k+1|k = [Γzz

k+1|k]−1. In
the following Subsection, we will pursue the use of ap-
proximations obtained with the interpolation formula for
derivation of the new state estimator for nonlinear sys-
tems.

5.2 POLYFILTER

In this section, a generalized version of the new non-
linear state estimation scheme is presented. The filter is

derived by employing the first-order approximation pre-
sented in Section 1. In principle this corresponds to the
EKF except that the Jacobians are replaced by divided
differences. The state update is therefore the same as the
ones in the Extended Kalman Filter. The difference is
only found in the update of the various covariance matri-
ces. Generally, the proposed scheme can be implemented
more easily.

Again, the state transition and observation equations
are approximated by first-order polynomials. By lineariz-
ing (11) about points (x̂k|k, w̄k) and (x̂k|k, v̄k), and se-
lecting the update rule so that the conditional covariance
of the estimation error is minimized, we obtain the fol-
lowing

xk+1 = f(x̂k|k, uk, w̄k)Fk(xk − x̂k|k) (15)

+ Gw
k (wk − w̄k)

zk+1 = h(x̂k+1|k, v̄k+1) + Hk+1(xk+1 − x̂k+1|k)
+ Gv

k+1(vk+1 − v̄k+1)

where

Fk =




D̃x
11f D̃x

12f . . . D̃x
1nf

D̃x
21f D̃x

22f . . . D̃x
2nf

...
...

. . .
...

D̃x
n1f D̃x

n2f . . . D̃x
nnf


 ∣∣∣

(x̂k|k,w̄k)

Gw
k =




D̃w
11f D̃w

12f . . . D̃w
1qf

D̃w
21f D̃w

22f . . . D̃w
2qf

...
...

. . .
...

D̃w
n1f D̃w

n2f . . . D̃w
nqf


 ∣∣∣

(x̂k|k,w̄k)

Hk+1 =




D̃x
11h D̃x

12h . . . D̃x
1nh

D̃x
21h D̃x

22h . . . D̃x
2nh

...
...

. . .
...

D̃x
m1h D̃x

m2h . . . D̃x
mnh


 ∣∣∣

(x̂k+1|k,v̄k+1)

Gv
k+1 =




D̃v
11h D̃v

12h . . . D̃v
1rh

D̃v
21h D̃v

22h . . . D̃v
2rh

...
...

. . .
...

D̃v
m1h D̃v

m2h . . . D̃v
mrh


 ∣∣∣

(x̂k+1|k,v̄k+1)

(16)

also

D̃x
ijf = [fi(xk + hej , uk, wk) − fi(xk − hej , uk, wk)]/2h

D̃w
ijf = [fi(xk, uk, wk + hej) − fi(xk, uk, wk − hej)]/2h

D̃x
ijh = [hi(xk + hej , vk) − hi(xk − hej , vk)]/2h

D̃v
ijh = [hi(xk, vk + hej) − hi(xk, vk − hej)]/2h (17)
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The POLYFILTER equations are now exactly the same
as those in EKF

1)x̂k+1|k = f(x̂k|k, uk, w̄k) (18)

2)ẑk+1 = h(x̂k+1|k, v̄k+1)

3)Γxx
k+1|k = FkΓxx

k|kFT
k + Gw

k QkGwT
k

4)Γzz
k+1|k = Hk+1Γxx

k+1|kHT
k+1 + Gv

k+1Rk+1G
vT
k+1

5)Kk+1 = Γxx
k+1|kHT

k+1Γ
−zz
k+1|k

6)x̂k+1|k+1 = x̂k+1|k + Kk+1[zk+1 − ẑk+1|k]
7)Γxx

k+1|k+1 = Γxx
k+1|k − Kk+1Hk+1Γxx

k+1|k

6. SIMULATION RESULTS

To demonstrate the performance of the new filter and
its comparison with EKF, both filters are used to estimate
the states of a common nonlinear robotic system.

The nonlinear state equations of the robotic system can
be given as

ẋ1 = x2 + w1

ẋ2 =
−mbx1x

2
4

mr
+

K1u1

mr
+ w2

ẋ3 = x4 + w3

ẋ4 =
−2mbx1x2x4

I + mbx2
1

+
K2u2

I + mbx2
1

+ w4

z1 = x1 + v1

z2 = x2 + v2

z3 = x3 + v3

z4 = x4 + v4 (19)

Now, using the sampling time ts, the discrete-time
robotic model can be written as

x1(k + 1) = x1(k) + ts
[
x2(k) + w2(k)

]

x2(k + 1) = x2(k) + ts

[−mbx1(k)x2
4(k)

mr
+

+
K1u1(k)

mr
+ w2(k)

]

x3(k + 1) = x3(k) + ts
[
x4(k) + w3(k)

]
x4(k + 1) = x4(k) + ts

[−2mbx1(k)x2(k)x4(k)
I + mbx2

1(k)
+

+
K2u2(k)

I + mbx2
1(k)

+ w4(k)
]

z1(k) = x1(k) + v1(k)
z2(k) = x2(k) + v2(k)
z3(k) = x3(k) + v3(k)
z4(k) = x4(k) + v4(k) (20)

with mb = 87 Kg, mr = 227.5 Kg, K1 = 281.4, K2 =
291, I = 100.8, and the sampling time ts = .01s for

discretizing the equation. Moreover, we assume

Q1 = diag{1.2, 1.2, 1.2, 1.2}
Q2 = diag{.02, .02, .02, .02}
R = diag{.1, .1, .1, .1}
Γxx

0|0 = diag{.1, .1, .1, .1}
w̄k = [0 0 0 0]T

v̄k = [0 0 0 0]T

h = 1.7 (21)

We run the simulation twice; once with Q = Q1 and
once with Q = Q2. According to the simulation results,
POLYFILTER has the better performance.

In the followings, Fig. 1 shows the estimation errors
for x1 and x2 in case of Q = Q1, and Fig. 2 shows the
estimation errors for x1 and x2 in the case of Q = Q2.
The performance of POLYFILTER is considerably better
than EKF, as shown by the figures. It is important to note
that if the input-state noise become negligible(Q = Q2),
the POLYFILTER and EKF responses will be quit simi-
lar, as shown in Fig. 2.

Fig. 1 Estimation error for x1, x2, x3 and x4 (Q =
Q1) [Solid line: POLYFILTER, Dashed line: EKF]

Fig. 2 Estimation error for x1, x2, x3 and x4 (Q =
Q2) [Solid line: POLYFILTER, Dashed line: EKF]

7. CONCLUSION

In this article, we have proposed a new filter for non-
linear state estimation. Whereas most filters for nonlin-
ear systems commonly are based on polynomial approxi-
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mations obtained using Taylor’s formula, the approxima-
tions underlying the new filter is obtained with a mul-
tivariable extension of Stirling’s interpolation formula.
The POLYFILTER is extremely simple to implement as
no derivatives are needed, yet it provides an excellent ac-
curacy, in compare to EKF.
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