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Abstract: In this paper, we propose two fully decentralized adaptive and robust control schemes for combined mo­
tion/force control of nonredundant multi-manipulator robotic systems, cooperatively grasping a rigid body in a prespec-
ified position/force trajectory. The precise mathematical analysis of the overall dynamical system and the two proposed 
control schemes are presented. The controllers are tested and verified via simulation of a cooperative system composed 
of two PUMA560 manipulators. Also the stability of the overall system is studied. 
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1. NOTATIONS 

Number of manipulators 
Degrees of freedom of manipulators 
Joint angle vector of the ith robot 
Pos. & Orient, of the ith end-effctr 
Pos. & Orient, of the object 
Input torque of the ith robot 
force(ith end-effectorr & object) 
Internal portion of hi 
Jacobian of the ith manipulator 
object Jacobian 
object Jacobian w.r.t. the ith robot. 

2. INTRODUCTION 

The use of a collection of robots to execute a common 
task such as cooperative object transport is becoming in­
creasingly common as the costs of robotic hardware, pro­
cessing power and software continue to become lower. 
Using multiple robots versus a single robot has the ad­
vantage of distributing a load among several smaller and 
less expensive robots, and tighter control of the internal 
force of the payload. In addition, by cooperation, there 
may be increased dexterity in handling the payload, fault 
tolerance and reconfigurability. Coordination of multi­
ple robots is essential in many applications, such as man­
ufacturing and assembly tasks, which often include the 
situations where multiple arm robots are grasping an ob­
ject in contact with environment. Examples are scribing, 
painting, grinding, polishing, contour following, object 
aligning and plotting [ 1 ]. 

The purpose of controlling a coordinated cooperative 
robotic system is to control the contact force between the 
environment and the object in the constrained direction, 
and the motion of the object in unconstrained directions. 
Meanwhile, to maintain the internal forces that do not 
contribute to system motion in some desired values. Sev­
eral approaches have been proposed in the literature to 
address the robot coordination problems. In [2] and [3] a 

master/slave approach was considered where position of 
master robot was controlled and slave robots were under 
force control to maintain kinematic constraints. A linear 
system approach to the problem was considered in [4]-
[6]. The concept of internal force space was introduced 
by [7] and the relationship between the load distribution 
in object and internal forces was further explored in [8]. 
Force-motion setpoint problem for multiple robots was 
studied in [9] and the tracking problem was analyzed in 
[10]-[14], in the case of environmental constraints. 

To deal with uncertainty in system dynamics, adaptive 
controllers were proposed in [12] and [8], where mea­
surement of joint accelerations was used. Also in [15], 
where a new adaptive scheme for Force/Motion control 
of cooperative robots interacting with geometrically un­
known environments were introduced . The requirement 
for joint accelerations was relaxed later in [16]. In [17], 
a systematic adaptive control strategy based on the con­
cept of virtual decomposition was introduced to handle 
a variety of control objectives. A similar work was also 
proposed by [18]. An adaptive synchronized control ap­
proach was presented in [19] to address the coordina­
tion problem, when the robots are not kinematically con­
strained but they perform a common task. Robust con­
trol is rarely used for controlling the multi-manipulator 
system(at least much less than adaptive methods). How­
ever, these adaptive and robust control techniques do not 
require the exact mathematical description of the coop­
erative robotic system and can deal with uncertainty in 
system dynamics, but, they still require a complicated 
structure for regulation due to the drastic complexity of 
the adaptive mechanism. To deal with this problem, 
some learning control strategies have been proposed by 
different authors. In [20], a new control strategy for 
force/motion control of cooperative robots without veloc­
ity measurement has been studied, where also, an adap­
tive velocity estimator has been proposed. Control prob­
lem of cooperative robots with passive joints has has been 
studied in [21]. 
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It can be shown that q̇i = Di(xo)ẋo, where Di(xo) =
JŠ 1

i (xo)Joi(xo). Using (8), the dynamic of the ith ma-
nipulator can be rewritten as

M̄iẍo + C̄iẋo + ḡi = DT
i τi − JT

oihi (9)

where M̄i = DT
i MiDi, C̄i = DT

i MiḊi +DT
i CiDi and

ḡi = DT
i gi. The combined dynamics of the overall inter-

connected system is as follows

M̄ẍo + C̄ẋo + ḡ =
m∑

i=1

DT
i τi (10)

where M̄ =
∑m

i=1 M̄i + Mo, C̄ =
∑m

i=1 C̄i + Co and
ḡ =

∑m
i=1 ḡi + go. We now have

˙̄Mi = 2DT
i MiḊi +DT

i ṀiḊi (11)

So, we have

˙̄Mi − 2C̄i = DT
i (Ṁi − 2Ci)Ḋi (12)

Due to the facts that Ṁi − 2Ci is skew-symmetric and
Di is full-rank , we conclude that ˙̄Mi − 2C̄i is also skew-
symmetric and so is ˙̄M − 2C̄. Also, it is not difficult to
show that

M̄iv̇ + C̄iv + ḡi = Ȳi(ẋo, xo, v̇, v)θi

M̄ v̇ + C̄v + ḡ = Ȳ (ẋo, xo, v̇, v)θ (13)

where Ȳ = [Ȳ1 · · · ȲmYo] and θ = [θT
1 · · · θT

mθ
T
o ]T .

The internal force is defined to be

hI = h− (JT
o )+(Moẍo + Coẋo + go)

hIi = hi − (JT
o )+i (Moẍo + Coẋo + go) (14)

where (JT
o )+ is the pseudoinverse of JT

o , and (JT
o )+i is

the ith segment of (JT
o )+. For Joi defined by (4), we

have

(JT
o )+ =

1
m

[JŠ T
o1 · · · JŠ T

om ]T (15)

Now, he control objective is to design the decentral-
ized control signal τi such that xo, ẋo and hIi follow the
prespecified trajectories xd

o, ẋd
o and hd

Ii, respectively.

4. ADAPTIVE CONTROLLER DESIGN

Lets define the following

vo = ẋd
o − Λx̃o & so = ẋo − vo = ˙̃xo − Λox̃o (16)

where x̃o = xo − xd
o and Λo is an arbitrary P.D. diagonal

matrix. Also let the control signal τi to be

τi = −JT
i (JT

o )+i Koso +DŠ T
i Ȳi(ẋo, xo, v̇o, vo)θ̂i

+JT
i (JT

o )+i Yo(ẋo, xo, v̇o, vo)θ̂o +JT
i h

d
Ii +αJT

i h̃Ii (17)

where θ̂o and θ̂i are the estimates of θo and θi, respec-
tively and α is an arbitrary number. Now, by substituting
(17) into (10), yields the error dynamics as

M̄ ṡo + C̄so +Koso = Ȳ (ẋo, xo, v̇o, vo)θ̃ (18)

in which θ̃ = θ̂ − θ. Also, the adaptation law is selected
to be

˙̃
θ = −ΓŠ 1

o Ȳ T so (19)

in which Γ is an arbitrary P.D. diagonal matrix. Now, us-
ing the proposed controller, the following stability lemma
can be proved

Lemma 4.1: Consider the interconnected multi-
manipulator system described by (2) and (3). If the
derivatives of xd

o are bounded up to third order, with the
decentralized adaptive control law (17), the followings
hold
- x̃o → 0, ˙̃xo → 0 and ¨̃xo → 0, as t → ∞,
- h̃Ii and θ̃ are bounded,
- If Ȳ is P.E.(Persistently Exciting), then θ̃ → 0 , and
h̃Ii → 0 , as t → ∞.

Proof : We only provide a summary of the proof in
here.Consider the following Lyapunov function candi-
date

V =
1
2
sT

o M̄so +
1
2
θ̃T Γoθ̃ + x̃T

o KoΛox̃o (20)

by noticing that ˙̄M − 2C̄ = 0, using (17) and (18), it
yields

V̇ = − ˙̃xT
o Ko

˙̃xo − x̃T
o ΛT

o KoΛox̃o ≤ 0 (21)

Here, Lassale’s theorem[25] can not be used to prove the
stability of the control system. To illustrate why, lets de-
fine eo � [x̃T

o
˙̃xT
o ]T as the error vector and eoext �

[eT
o θ̃T ]T as the extended error vector and also the real

state vector of equation (20). It is obvious that V̇ = 0
only results in eo = 0 not eoext = 0( eoext is the real
state vector of the Lyapunov’s function). So the Lassale’s
necessary conditions can not hold in here. Now, by defin-
ing Qo as

Qo =
[

ΛT
o KoΛo 0

0 Ko

]
(22)

it implies that

V̇ = −eT
o Qoeo

V (t) − V (0) = −
∫ t

0

eT
o Qoeo < ∞ ; ∀t (23)

Therefore, eo is bounded and square integrable and so
are x̃o and ˙̃xo. Now, using the Barbalat’s lemma[25],
x̃o(t) → 0 as t → ∞. If ẍd

o is bounded, then vo and
v̇o will be bounded, so as ṡo and ¨̃xo(using the error equa-
tion (18)).Again, by using Barbalat’s lemma and due to
the fact that ¨̃xo is bounded, we conclude that ˙̃xo(t) → 0,



as t → ∞. Finally, by differentiating both sides of (18),
we get

M̄ s̈o + ˙̄Ms̈o + C̄ṡo + ˙̄Cso +Koṡo = Ȳ
˙̃
θ + ˙̄Y θ̃ (24)

showing that s̈o is bounded. Again, by using the Bar-
balat’s lemma, ¨̃xo → 0, as t → ∞. It is important to note
that the internal force error dynamics can be shown as

M̄iṡo + C̄iso − Ȳiθ̃i + JT
oi(J

T
o )+i [Moṡo +Coso +Koso

−Yoθ̃o] + (α+ 1)JT
oih̃Ii = 0 (25)

which also shows the boundedness of the internal force
errors. Note that the signal Ȳ θ̃ converges to zero asymp-
totically. So if the regressor Ȳ is P.E., then θ̃ → 0 and
h̃Ii → 0, as t → ∞. �

It is important to note that the adaptive controller (17)
is a decentralized one. This fact can be easily verified by
noting that the control signals and the parameter adapta-
tion law of the ith manipulator involve only the signals
of manipulator i(xo can be calculated using qi). So, a
parallel processing architecture can be utilized.

5. ROBUST CONTROLLER DESIGN
USING THE LYAPUNOV’S SECOND

METHOD

Again Let us define the following

vo = ẋd
o − Λx̃o & so = ẋo − vo = ˙̃xo − Λox̃o (26)

where x̃o = xo − xd
o. Now let the control signal τi to be

in the following form

τi = −JT
i (JT

o )+i Koso +DŠ T
i Ȳi(ẋo, xo, v̇o, vo)θ̂i

+JT
i (JT

o )+i Yo(ẋo, xo, v̇o, vo)θ̂o +JT
i h

d
Ii +αJT

i h̃Ii (27)

where θ̂o and θ̂i are the estimates of θo and θi, respec-
tively and α is an arbitrary number.

Now, lets choose θ̂o and θ̂i in (27) as θ̂o = θon + δθo

and θ̂i = θin + δθi, where θon and θin are the fixed nom-
inal values of θo and θi, respectively and δθo and δθi are
the additional control terms.

Substituting (27) into (10), yields the error dynamics
as

M̄ ṡo + C̄so +Koso = Ȳ (ẋo, xo, v̇o, vo)(θ̃ + δθ) (28)

where θ̃ = θn − θ, θn = [θT
1n · · · θT

mn θT
on]T and δθ =

[δθT
1 · · · δθT

m δθT
o ]T . If uncertainty can be bounded by a

nonnegative constant ρ ≥ 0, such that

‖ θ̃ ‖=‖ θn − θ ‖≤ ρ (29)

then the additional term δθ, using the Lyapunov’s second
method, can be depicted as follows

δθ =




−ρ Ȳ T so
� Ȳ T so � ; if ‖ Ȳ T so ‖> α

−ρ
ε Ȳ

T so ; if ‖ Ȳ T so ‖≤ α

(30)

with arbitrary small positive constant α(α → 0).
Now, using the proposed controller, the following sta-

bility lemma can be proved
Lemma 5.1: Consider the interconnected multi-

manipulator system described by (2) and (3). If deriva-
tives of xd

o are bounded up to third order, with the de-
centralized control law (19) and (22), the followings are
true
- x̃o → 0, ˙̃xo → 0 and ¨̃xo → 0, as t → ∞
- h̃Ii is bounded,
- if Ȳ is P.E.(Persistently Exciting), then θ̃ → 0 and
h̃Ii → 0 , as t → ∞.

Proof : A summery of the proof is provided inhere.
Consider the following Lyapunov function candidate

V =
1
2
sT

o M̄so + x̃T
o KoΛox̃o (31)

Noticing that ˙̄M − 2C̄ = 0, using (28) and (30), it yields

V̇ = − ˙̃xT
o K ˙̃xo − x̃T

o ΛT
o KoΛox̃o + sT

o Ȳ (θ̃ + δθ) (32)

Now using (30), V̇ ≤ 0. The rest of the proof is the same
as lemma 4.1. Similar to Section 4, the internal force
error dynamics is in the following form

M̄iṡo + C̄iso − Ȳi(θ̃i + δθi) + JT
oi(J

T
o )+i [Moṡo + Coso

+Koso − Yo(θ̃o + δθo)] + (α+ 1)JT
oih̃Ii = 0 (33)

which shows the boundedness of the internal force errors.
Also, the same as the adaptive case, the signal Ȳ θ̃ con-
verges to zero asymptotically. So, if the regressor Ȳ is
P.E., then θ̃ → 0 and h̃Ii → 0, as t → ∞. �

As a remark, the robust controller (27) is a decentral-
ized one. This fact can be easily observed by noting that
the control signals and the parameter adaptation law of
the ith manipulator only involves the signals of manipu-
lator i(xo can be calculated using qi). So, a parallel pro-
cessing architecture can be utilized for this controller.

6. SIMULATION RESULTS

The proposed control schemes have been applied to
a system composed of two identical 6DOF PUMA560
manipulators cooperatively grasping a rigid object in a
prespecified trajectory. All the joints are revolute, and
the simulations are done using an object oriented C++
robotics library, written by the authors. This toolbox can
be used for modeling, trajectory generation and control
of single or multiple manipulator systems. Figures 1 to 4
show the trajectory generated by the C++ library for po-
sition and orientation of the center of mass of the object.
Figures 5 to 16 show the simulation results after applying
adaptive and robust controllers on the cooperative system.

Note that in the simulation, we have shown the
Cartesian angular velocities of the CM of the moving
object(ωxo ωyo ωzo) instead of first derivatives of Euler
angles(ψ̇o θ̇o φ̇o). In these figures, Cartesian vector ele-
ments have been shown by numerical indices; (e.g. wod2
is ωd

yo). Also errors are shown by letter e; (e.g. ew1 is
ωxo − ωd

xo) and the time derivatives have been shown by
letter p; (e.g. exop2 is ẏo − ẏd

o ).
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Fig. 9 Internal force errors for Arm1(ADAP CONT).

Fig. 10 Internal force errors for Arm2(ADAP CONT).

Fig. 11 Cartesian position errors of the CM(ROB CONT).

Fig. 12 Cartesian velocity errors of the CM(ROB CONT).

Fig. 13 Euler angle errors of the CM(ROB CONT).

Fig. 14 Cartesian angular velocity errors of the CM(ROB CONT).

Fig. 15 Internal force errors for Arm1(ROB CONT).

Fig. 16 Internal force errors for Arm2(ROB CONT).
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7. CONCLUSION

In this paper, we addressed the problem of controlling
multiple robots, manipulating a load cooperatively. We
derived a model which takes into account the dynamics
of the load and the dynamics of the robots in the load co-
ordinates; we called this the combined model. We then
proposed an adaptive and a robust control scheme for the
multi-manipulator system. These controllers ensure the
asymptotic convergence of the load position to their de-
sired values and the boundedness of the internal forces.
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