


_It can be shown that ¢i = Di(x)Zo, Where Dj(zo) =
J2 Y (x0)Joi (o). Using (8), the dynamic of the ith ma-
nipulator can be rewritten as

Mi‘l“o—kc_'ij?o—i-gi ZD;r i —J(-)rihi (9)
where M; = DI M; D, Ci = DY M; D; + D] C;Dj and

gi = D] gi. The combined dynamics of the overall inter-
connected system is as follows

m
Mio+ Cio+g=»_Di i (10)
i=1

where M = S M; + Mo, C = S, Ci + C, and
G =", Gi + go. We now have

]\Zi = QDEI-MiDi + D;r]V[iDi (11)
So, we have
M; —2C; = DI (M; — 2C3) Dy (12)

Due to the facts that M; — 2C; is' skew-symmetric and
D; is full-rank , we conclude that AZ; — 2C is also skew-

symmetric and so is M — 2C. Also, it is not difficult to
show that

Mit + Civ + gi = Yi(do 2o 0 v) i
Mo+ Cv+g=Y(io 2o ¥ v) (13)

where Y =[Y; - YyhYoland =[]+ T IT.
The internal force is defined to be

hy =h— (Jg)+(Mojo + Coo + go)

i = hi = (Jg )i (Moo + Codio + go) (14)

where (JJ )T is the pseudoinverse of JJ, and (JJ )i is
the ith segment of (JJ)*. For Jo; defined by (4), we
have

1 % <
(Jo )" = o1+ Jom ] (15)

Now, he control objective is to design the decentral-
ized control signal ; such that x,, 4, and hy; follow the
prespecified trajectories 23, #9 and h{;, respectively.

4. ADAPTIVE CONTROLLER DESIGN
Lets define the following
Vo = xg - Ai'o & So = :,.Co — Vg = ‘%0 - Ao‘%o (16)

where o = zo — xg‘ and A, is an arbitrary P.D. diagonal
matrix. Also let the control signal ; to be

i= _JiT(JJ);rKQSQ +DiST}7|(x0 To 'l.}o Uo) i

+JiT (JJ)iJrYO(jfo To Vo Uo) A0+J;rhtlji+ Ji-rﬁli 7

where  and ' are the estimates of , and ;, respec-
tively and s an arbitrary number. Now, by substituting
(17) into (10), yields the error dynamics as

Mo+ Cso + Koso = Y (o To To Vo) ) (18)
inwhich = ~— . Also, the adaptation law is selected
to be

T rSiyTs, (19)

in which I is an arbitrary P.D. diagonal matrix. Now, us-
ing the proposed controller, the following stability lemma
can be proved

Lemma 4.1: Consider the interconnected multi-
manipulator system described by (2) and (3). If the
derivatives of z¢ are bounded up to third order, with the
decentralized adaptive control law (17), the followings
hold
- f:];'o — 0;%0 - 0 and i’o - O,aSt — 0O,
- hyjand are bounded, 3
- If Y is P.E.(Persistently Exciting), then
hii - 0,as t — oo,

Proof: We only provide a summary of the proof in
here.Consider the following Lyapunov function candi-
date

- 0, and

1+ - 1~ ~
V - ingSO + 5 TFO +«%ZKOAO*%O (20)

by noticing that A7 — 2C' = 0, using (17) and (18), it
yields
V = =) Koiio — 23 Al KoMoiio < 0 (21)

Here, Lassale’s theorem[25] can not be used to prove the
stability of the control system. To illustrate why, lets de-

fine eq I &I as the error vector and egexy [

[el T]T as the extended error vector and also the real
state vector of equation (20). It is obvious that V' = 0
only results in eq = 0 NOt egext = O( egext IS the real
state vector of the Lyapunov’s function). So the Lassale’s
necessary conditions can not hold in here. Now, by defin-

ing Qo as

O — [ Alfgvo I?o } 22)
it implies that
V = —e§ Qoeo
t
Vi -VO == [ dQuo<e it @)

Therefore, e, is bounded and square integrable and so
are 7, and z,. Now, using the Barbalat’s lemma[25],
Fo(t) — O0ast — oo. If 3 is bounded, then v, and
0o Will be bounded, s0 as 3, and Z,(using the error equa-
tion (18)).Again, by using Barbalat’s lemma and due to
the fact that z, is bounded, we conclude that Z(t) — 0,



ast — oo. Finally, by differentiating both sides of (18),
we get

Mo + Mio + Cso + Oso + Koso =Y +Y  (24)

showing that 3, is bounded. Again, by using the Bar-
balat’s lemma, Z, - 0,ast — oo. Itis important to note
that the internal force error dynamics can be shown as

MiSO + éiSo - )7| Ni + J(;rl (JJ);F[M()SO + CoSo + KoSo
Yo o]+ ( +1)Jgihi =0 (25)

which also shows the boundedness of the internal force
errors. Note that the signal Y converges to zero asymp-
totically. So if the regressor Y is PE., then - 0 and
il” - 0,ast - oo O

It is important to note that the adaptive controller (17)
is a decentralized one. This fact can be easily verified by
noting that the control signals and the parameter adapta-
tion law of the ith manipulator involve only the signals
of manipulator i(x, can be calculated using ¢j). So, a
parallel processing architecture can be utilized.

5. ROBUST CONTROLLER DESIGN
USING THE LYAPUNOV’S SECOND
METHOD

Again Let us define the following
Vo = xg - Ai‘o & So = :,.Co — Vo = ‘%O - AO‘%O (26)

where &, = z, — 9. Now let the control signal ; to be
in the following form

i= _JiT (JJ);FKOSO +DiéTYi(fto To Vo Uo) Ai
+J (JD)i Yoldo To U0 vo) o+ Ji W3+ JF i (27)

where  and ' are the estimates of , and j, respec-
tively and is an arbitrary number.

Now, lets choose o and jin(27)as o= on+ o
and i = in+ i, where onand jn are the fixed nom-
inal values of , and i, respectivelyand ,and jare
the additional control terms.

Substituting (27) into (10), yields the error dynamics
as

Mo+ Cso + Koso = Y (o To U0 vo)(~ + ) (28

where = n= , n=[1n"" fn on) and =
[ 7.+ 1 7. If uncertainty can be bounded by a

nonnegative constant = 0, such that

= .- <= (29)

then the additional term , using the Lyapunov’s second
method, can be depicted as follows

- Y= if Y5 >a
= (30)
—BYTs, if YTsy <a

with arbitrary small positive constant o{« — 0).

Now, using the proposed controller, the following sta-
bility lemma can be proved

Lemma 5.1: Consider the interconnected multi-
manipulator system described by (2) and (3). If deriva-
tives of z9 are bounded up to third order, with the de-
centralized control law (19) and (22), the followings are
true
'-:1?0—’0 i’o—voand ;%o—»O,aSt—»OO
- hyi is bounded,
- if Y is P.E.(Persistently Exciting), then
iL” — O,aS t - oo,

Proof: A summery of the proof is provided inhere.
Consider the following Lyapunov function candidate

-~ 0 and

1+
V= 553 Mso + 3¢ KoMoio (31)
Noticing that M—2C = 0, using (28) and (30), it yields
V ==&} Kio— i) Al Kohoiio +50Y( + ) (32)
Now using (30), V < 0. The rest of the proof is the same
as lemma 4.1. Similar to Section 4, the internal force
error dynamics is in the following form
Mi«éo + CiSo - Yi(Ni + i) + J;(JJ)?L[J\/[oéo + Coso
+Koso—Yo( 04+ o)+ ( +1)JEhi=0 (33)
which shows the boundedness of the internal force errors.
Also, the same as the adaptive case, the signal Y con-
verges to zero asymptotically. So, if the regressor Y is
PE.,then - Oandhjj - 0,ast — oo O
As a remark, the robust controller (27) is a decentral-
ized one. This fact can be easily observed by noting that
the control signals and the parameter adaptation law of
the 4th manipulator only involves the signals of manipu-
lator i(x, can be calculated using ¢i). So, a parallel pro-
cessing architecture can be utilized for this controller.

6. SIMULATION RESULTS

The proposed control schemes have been applied to
a system composed of two identical 6DOF PUMAS560
manipulators cooperatively grasping a rigid object in a
prespecified trajectory. All the joints are revolute, and
the simulations are done using an object oriented C++
robotics library, written by the authors. This toolbox can
be used for modeling, trajectory generation and control
of single or multiple manipulator systems. Figures 1 to 4
show the trajectory generated by the C++ library for po-
sition and orientation of the center of mass of the object.
Figures 5 to 16 show the simulation results after applying
adaptive and robust controllers on the cooperative system.
Note that in the simulation, we have shown the
Cartesian angular velocities of the CM of the moving
object( xo yo zo) instead of first derivatives of Euler
angles( o o o). Inthese figures, Cartesian vector ele-
ments have been shown by numerical indices; (e.g. wod2
is 30). Also errors are shown by letter e; (e.g. ewl is
xo — J.) and the time derivatives have been shown by
letter p; (e.9. exop2 is Jo — H9).
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Fig. 16 Internal force errors for Arm2(ROB CONT).



7. CONCLUSION

In this paper, we addressed the problem of controlling
multiple robots, manipulating a load cooperatively. We
derived a model which takes into account the dynamics
of the load and the dynamics of the robots in the load co-
ordinates; we called this the combined model. We then
proposed an adaptive and a robust control scheme for the
multi-manipulator system. These controllers ensure the
asymptotic convergence of the load position to their de-
sired values and the boundedness of the internal forces.
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