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Abstract

Cutoff frequencies were found for three configurations of
cylindrical dielectric waveguides of circular cross-section for the
lower order hybrid, E and H modes. The permittivities of the various
coaxial layers were varied over a relatively wide range as were the
ratios of the radii of the individual layers. Dispersion and
attenuation characteristics were determined for the same range of
geometrical and physical properties, primarily for the lower order
HE11, EQ1, and Hpy modes. A prescription for the determination of
the cutoff frequencies of any coaxial-type (2-layer) dielectric guide
is presented. -

_ Utilizing the information acquired, criteria are set for the
design of a coaxial dielectric (2=3) waveguide. An example of
this configuration, designed for the X-band region, is given and
its performance is compared with that of a dielectric rod (2=1)
waveguide. -
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CHAPTER I
DESIGN OF A COAXIAL DIELECTRIC WAVEGUIDE

A. Introduction

The dielectric waveguide configurations that have been con-
sidered in this report are shown in rig. 1. The modes of the
dielectric guide are the hybrid HE 1 (also EH,, for n>1), transverse
electric HOm (TEom) and transverse magnetic Eom (TMom). The first
index denotes the number of azimuthal or ¢-variations while the second
index represents the greatest integer number of standing half-waves
between the axis and the external boundary interface. A]thodgh the
only configuration considered in the design is the three coaxial
layer, hereinafter called the coaxial die1ectr1c waveguide, repre-
sentative phase and attenuation properties are shown for the one and
two layer (rod and tube) configurations. In addition field amplitude
and phase plots are given. The purpose of Figs 2 through 9 is to
i11ustratelthe similarities and contrasts between the one, two and
three layer coaxial configurations.\ The dielectrics (€d1e1.=2'55;

=1.03; ¢_..=1.00) used in each construction are the same but, of

€ foam air
course, the possible permutations thereof, as well as relative layer
thicknesses, increase with the number of interfaces. These parametric
characteristics together with the modal cut-off frequencies are
certainly necessary conditions and provide the basis for the design of

any coaxial dielectric waveguide.
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(c) DIELECTRIC COAXIAL GUIDE

Fig. 1.--Dielectric waveguide configurations.
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In Figs. 2-9, all geometric parameters (radii a, b, c) and
dielectric regions, are defined in Fig. 1. The vacuum wave number

is defined by

N

m k, = 2t -
0

ole

-where X is the vacuum wavelength, w the angular frequency and c

the vacuum speed of light. The axia]vpropagation factor is
(2) y=Rey+jImy

with spatial and temporal dependence ej(“t'YZ). The relative complex

dielectric constant of medium m is

(3) e = ;f—(1-j tan Gm)‘= Re en j Im o
where the symbols have their usual meanings. Explicitly, the propa-
gation factor y as defined herein lies in the fourth quadrant, so

Imy < 0. The quantity Im € is clearly less than or equal to zero.
Their ratio, the normalized attenuation factor Im(%;)/Im €m
shown in the figures as a positive quantity. This scaling or attenu-

» 18
ation factor normalization was found to be valid over the range

(4) 0<|Imgm|<0.1.



(b)

Fig. 2.--Modal (a) dispersion and (b) attenuation characteristics
dielectric rod waveguide: €1=2.55 (Eqs. (II-8), (II-12)
and (II-19)).
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plane).
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Fig. 4.--Modal (a) dispersion and (b) attenuation characteristics
for airfilled dielectric tube waveguide: €5=2,55,
a/b=.5 (Egs. (II-23), (II-27) and (II-34)).
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Fig. 5.--Field components for an airfilled dielectric tube waveguide
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Fig. 6.~--Modal (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=63=2.55, €2=1.03,

a/c=.3, b/c=.8 (Eqs. (II-38), (II-42) and (II-49)).
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Fig. 7.--HEyy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=e3=2.55, €,=1.03,

a/c=.3 (Eq. (II-49)).
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Fig. 8.--HEy1 mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €]=€3=2.55, €2=1.03
(Eq. (II-49)). ‘
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Fig. 9.--Field components for a dielectric coaxial waveguide HEqq

mode with e1=e3=2.55, €2=1.03, a/c=.3, b/c=.95 and
Re(Y/ko)=1.021 (transverse plane).
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B. Waveguide Design Considerations

As in metal waveguides, one of the design considerations is
the necessity that only one mode be excited in the waveguide so that
the complications of multimode operation are avoidéd. To be sure that
the waveguide is operating in this condition, an operating frequency
range should be chosen in whiéh only one mode can be excited. The
only mode satisfying this requirement is the HE]1 mode which is never
cutoff. A1l the highef modes in each configuration have distinct
cutoff values and can never be excited without the possibility of
exciting the HE11 mode. Therefore, the operating frequency range is
limited on the high end by the cutoff frequency of the next lowest
mode. In all the computations that were performed for any of the
configurations, this was the HOi mode .

Any of the configurations of Fig. 1 could be used as a waveguide,

but some practical 1imitations make the coaxié] guide more suitable
to transmission over large distances. It is not feasible to remove
all objects from the vicinity of the waveguide as guide supports are
-necessary to support lengths of more than a few meters. Thus there
will be interaction between the external fields and the supports for
most practical situations. This requires that most of the transmitted
signal be transported within the dielectric guide for good transmission
properties. This is indeed a problem for the dielectric rod and tube
configurations. The dielectric rod cross-section must be increased in
size to the point that otﬁer modes are ekcited and the attenuation is

greatly increased if most of the energy is to be transported inside

¥
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the dielectric. The phase velocity is also greatly reduced in this
region. The dielectric tube has the inherent problem that the fields
are large in the vicinity of the external dielectric-air interface.
This means there is always a relatively large portion of the energy
transported in the external region.

The construction of long lengths of waveguide would present
problems for the dielectric rod and tube cases which can be overéome
in the cbnstruction of a long coaxial guide. Shorter lengths of
coaxial guide can be made such that the inner dielectric rod would
extend slightly from one end of the section and be indentéd the same
amount at the other end. These shorter lengths may be fitted to-
gether either by threading the inner rod or force fitting the sections
together to obtain the required Tengths. No such simp]é method of
construction is apparent for the other configurations without the
introduction of some‘discontinuities and many more supports. From
the standpoint of energy cdﬁsiderations and ease of construction,
the most suitable configuration is the coaxial waveguide.

In designing a coaxial waveguide there are a number of
variables to consider. Attenuation must be kept small if transmission
over large distances is to be feasible. This can be accomplished by
the use of a dielectric material with low loss tangent and, if |
feasible, by operating in the frequency range where the attenuation
factor is small. Unfortunately, in this frequency range, most of
the energy is propagating in the external region. Therefore the
operating frequency range must include the region in which the loss

becomes significant. The attenuation is also a function of the

13




relative dielectric constant of the interior rod region (r<a).
Therefore, the use of material with high dielectric constant in this
region should be avoided. The phase velocity, which is a function
of the real part of the normalized propagation constant, is also a
désign consideration although it is not independent of the attenu-
ation. The linearity of the phase‘characteristic over the bandwidth
of the transmitted signal determines the amount of video pulse detail
1655.

Probably the most important consideration is that the amount
of energy transported outside the guide must be kept reasonably
small. Although the HE]] mode has no cutoff value, at very low wave-
numbers the propagation constant is essentially equal to the free
space propagation constant ko' Over that wavenumber range, a surface
wave is only slightly bound to- the guide. Therefore, most of the
energy is transported external to the waveguide. For this reason,

the allowable operating range should be restricted to that range of

wavenumbers limited on the high end by the HO] mode cutoff wavenumber

and on the low end by the wavenumber at which the normalized propa-
gation constant becomes essentially unity. In this operating range,
the amount of energy transported internally increases sharply as the
wavenumber increases. A drawback is the attenuation also increases
over this range.

As power is energy per unit time, one finds, from Poynting‘s

theorem, the time average power density in the axial direction;

(5) P,(r,¢) = %Re(ExH*)Z = %Re[ErH’; - E¢H;],

14
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which can be evaluated within the guide and in the exterior region.
The fields inside and outside the guide are defined by the expressions
given in Appendix II. Substituting the appropriate expressions in

Eq. (5), Poynting's relation takes on the following form;
_ 2 : . 2
(6) P,(r.¢) = F(r) cos®s + G(r) sin‘s,

where F(r) and G(r) are functions of only the radial coordinate r.

By substituting -¢ for ¢ in Eq. (6), symmetry about ¢ = 0 axis can

be seen. Likewise, substituting = - ¢ for ¢ in Eq. (6), establishes
the symmetry about the ¢ = 90° axis. This double symmetry condition
allows one to obtain the level lines of Pz(r,¢) internal and external
to the guide as a function of r and ¢ by evaluating over only a
quarter of the area (0°<¢<90°). The shape of the level contours are
somewhat elliptical with interchange of major and minor diameters
occurring as the parameters are véried. The eccentricity of these
elliptical level lines is very close to zero over the operating
range. Therefore, for brevity, a good approximation to the power
density percentage in each region can be found by integrating Eq. (5)
at ¢ = 45°. By numerically integrating radially Eq. (5) sufficiently
far to include all but a negligible amount of power, the percentage
of-power transported in each region can be determined. Of special
interest is the percentage of power outside the waveguide. Graphs of
the percentage of power outside the coaxial guide over the operating

frequency range defined previously are plotted in Figs. 10 to 12.
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The launching of a wave and thé introduction of curvature or
bends require tight binding of the wave to the guide. Setting a
1imit of 10% of the power that can be transported externally as the
transport criterion, a near optimum configuration may be obtained.
As alternative power criteria one might use the rate of field decay
in the external medium or simply the normalized field amplitudes at
the external boundary. This affects very little savings from a
computational standpoint. At a minimum the four normalized field
components and/or their derivatives must be evaluated at least at
one point on the external boundary in order to formulate an alternate
standard. From the power percentage curves in Fig. 10, it is apparent
that larger operating ranges are obtained as the radii ratio b/c ap-
proaches unity. As seen from the b/c = .95 curve in Fig. 10, in order
to obtain a significant opérating range, a b/c ratio very near unity
is.essential. Figure 11 shows thg effect of changes in the radii ratio
a/c. Increasing the a/c ratid has the effect of reducing the oper-
ating range that satisfies the design criteria. The right terminal
point of each of the curves in Figs. 10-12 denotes the onset of the
H01 mode . |

Changes in the relative dielectric constant of the inner rod
region (r<a) also affect the allowable 6perat1ng range. A com-
parison of similar coaxial waveguide configurations differing only
in relative dielectric éonstant is shown in Fig. 12. The higher
dielectric constant structure shows a smaller allowable operating

range. It will also be remembered that Tower dielectric constant
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material is favorable because of lower attenuation factors and more
nearly linear phase characteristics. |
Thus far, in designing a coaxfa] waveguide, the power con-
sideration has proved that small dielectric constant material, large
values of b/c and small values of a/c are beneficial. If the relative
dielectric constant is made too near unity, the size must be made
significanf]y larger or most of the energy wi]]ltrave1 outside the
guide. The value of b/c cannot be set equal to one for this would
result in a configuration made of a dielectric rod surrounded by a
polyfoam tube. Although this would increase the operating range,
the attenuation would become susceptible to environmental effects.
The dielectric properties of polyfoam may be considerably affected
by environmental changes. Even a small amount of moisture absorption
can greatly increase the loss tangent of polyfoam in the microwave
range[9]. This would greatly increase the attenuation factor for
that range. For this reason, it is important to have some protective
outer layer to separate the polyfoam from the surroundings. This
thin outer dielectric shell can be made from some type of glaze or
varnish sealer. There are also 1imits on how small the a/c ratio
can be made. If the dielectric rod (r<a) crossectional area and the
outer tube (b<r<c) crossectional area are comparable, the energy will
be split between them with a relatively large amount outside the guide

similar to the condition existing for the tube configuration.
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C. Design Criteria

Although no rigid optimization criteria have been established,

general criteria for the design of a coaxial dielectric waveguide

which will perform satisfactorily can be stated. The trade-offs in

energy, attenuation and linearity of phase are numerous and depend

on the particular application. Using a general engineering approach,

the design considerations are summarized:

1.

Excitation of the HE]] mode in the range of wavenumbers
below the HO] cutoff ffequency is essential to avoid
multimode operation.

A1l dielectric material should be chosen with low loss
tangents for small absorption. The inner dielectric

tube (a<r<b) should be made with a relative dielectric
qonstant near unity and the inner rod (r<a) and outer

tube (b<r<c) should have small relative dielectric
constants. |

A b/c radii ratio near unity is essential and a small

value of a/c is preferable for obtaining large allowable
operating ranges.

An operating range with a 1imit of 10% of the power trans-
ported outside the guide is necessary to eliminate the
effects of the surroundings.

The pulse dispersion criteria as described in Section E
should be considered from the standpoint of overall system

performance.

21
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D. Example: X-Band Waveguide

The problem is to design a dielectric coaxial waveguide to
be used in the X-band frequency rahge. The following system
requirements are assumed:
1. Excitation of the HE, mode alone
2. Operation in the X-band frequency(range with center
,frequéncy 10 GHz and a substantial operating range
3. Allowable power outs%de the guide <10%
4. Transmission of signal pulses with lengths varying
from 1 microsecond to 100 nanoseconds and a bandwidth
of 100 MHz.
Following the design criteria presented in Chapter I.C, the
following design configuration is obtained; a/c = .3, b/c = .95,
€] T eg = 2;55 and €y = 1.03. For this configuration, the energy
criterion allows for a wavenumber operating range of koc from 3.35
to 4.7 from Fig. 10. Thus, the center frequency 10 GHz corresponds
to the center of this allowable wavenumber range (koc = 4), The
freespace wavelength Ao at 10 GHz is three centimeters. Therefore,
at 10 GHz;

. 2rc
(7) koc = o 4.0,

from which the outer radius of the circular coaxial guide can be

determined. The radii of the different layers are shown in Table 1.
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TABLE 1
RADII OF DESIGN CONFIGURATION

RADIUS PHYSICAL SIZE

a .57 cm
b 1.81 cm

C 1.91 cm

The freespace wavelengths of the upper and lower frequency
limits of the operating range can be found by employing the 1imits

of the wavenumber operating range as follows:

(8) . i—“—?— = 2.56 cm
and

_ 2nc  _
(8b) AO Tow - 3.35 _ 3.56 cm.

From their freespace wavelengths, the upper and lower 1imits of the
frequency band are. obtained as 11.7 GHz and 8.4 GHz, respectively.
This represents a 1.4:1.0 operating frequency range. The physical
size of this designed dielectric waveguide for the X-bahd region is
comparable to the size of a metal waveguide designed for X-band
operation. The operating frequency range is also similar to that
theoretically determined for a metal guide.

The loss tangents of the dielectric material should be
chosen as small as availability allows. A typical dielectric material
with relative dielectric constant 2.55 is Styron C-176 which has a

loss tangent of .0002. A po1yfoam material with relative dielectric

23
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constant 1.03 is styrofoam which also has a loss tangent of .0002.
Using these materials for construction, the phase velocity and
attenuation can be calculated from the normalized propagation constant
obtained from the appropriate dispersion and attenuation curves. For
the center frequency 10 GHz, the phase velocity is .924 times the speed
of 1light, and the attenuation is .1009 dB/m. The fields for the HE1]
mode in the design configuration at 10 GHz are shown in Figs. 13a to
13f. Comparing the field plots of the coaxial design configuration
with those for the rod, tube and coaxial guides shown in Figs. 3, 5
and 9, respectively, one can deduce that there is less external energy
transported in this configuration.

The dielectric rod waveguide is seen from Fig. 10 to have a

small range of wavenumbers which satisfies the energy criterion.

AR
I

Choosing the center of this range to correspond to 10 GHz as was N
done for the design configuration, an operating range of 1.1:1.0 is
obtained. This is considerably smaller than the operating range of
the design configuration. The phase velocity and attenuation factor
can also be calculated at 10 GHz as before. Using a Styron C-176
dielectric rod, the phase velocity was found to be .784 times the
speed of light and the attenuation factor is .262 dB/m. This shows
the coaxial configuration transmits re]ative1y fast waves over a much
wider operating range with less than half the attenuétion of a

comparable dielectric rod waveguide.
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E. Dispersion of Pulses

Accurate transmission of video pulse detail is a consideration
in the design of a transmission system. S. Goldman[10] has established
cfiteria for determining the amount of loss in pulse detail from the
transmission phase characteristics.

1. If the variation from a linear phase characteristic is

as much as 1 radian in a frequency range of

1
3 x pulse length’

a complete loss of signal detail can be expected.

2. If the variation from a linear phase‘characteristic is

no more than half a radian in a frequency range

1
3 x pulse length’

there probably will be no serious loss of signal detail.

[z

TR

The above criteria can be appTied to the dispersion curves of
the dielectric waveguide configurations which essentially contain
the phase characteristics of the guides.

A further consideration is the determination of the shortest
time detail that can be resolved on a pulse modulated carier, i.e.,
the resolution of the shortest rise time of a pulse propagating on a
dispersive system. A convenient way of approaching the problem is to
evaluate a rectangular pulse of length 2T as a function of position on
the dispersive and slightly absorbing waveguide. The waveguide system
(transfer) function is H(w) = e'jZY(w). The pulse, as a function of

position on the guide, is specified by

26




(9) g(z,t) = %? J Flo)eZ Re v()  Jlut-z Im v(w)]y,

=00

where F(w) is the Fourier transform of the rectangular pulse
f(t) = [u(t+T) - u(t-T)] cos uyt

and w, is the carrier angular frequency. This pulse may be made
more realistic by introducing a finite rise and decay time.

For simplicity of computation the pulse f(t) was taken as
trapezoidal with a I nsec initial and final s1bpe and a 23 nsec
length. The transmitted pulse along the guide is specified by the
Fourier inversion (9). To define the initial rise or slope of
the transmitted pulse, one point (to) is taken as the onset zero
amplitude of the resultant waveform (envelope). The second point

(tss) is taken as the intersection of the steady state amplitude of

the pulse with the initial rise of the waveform as shown in Fig. 14.

N STEADY
> STATE
U/ AMPL ITUDE

to Tss
Fig. 14.--Definition of pulse rise.
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This, or a similar definition, is required because of the amplitude
oscillation introduced by the inversion. The initial pulse slopes
so defined are shown in Fig. 15. The ordinate is pulse amplitude
and the abscissa is nsec time units. The temporal pulse spreading
per meter is defined by

-t ) -1

(o) gt sl ot T (msec)

where all times are in nsec and L is the path length in meters.
For this particular coaxial waveguide, the data show él.x .002 n%gg
At all stations the pulse form detail was similar. The attenuation
of the higher frequencies rather than dispersion apparently accounts
for the pulse spreading.

Since it 1is inconvenient to perform these calculations for
every design, an estimate of pulse dispersion is quite desirable.

The transit time t for a signal of angular frequency w to travel a

distance L is

L L L dlRe 1)l
t_vg<w5 L dw

where vg(w) is the group velocity (velocity of energy propagation)

evaluated at w. Thus

t

(1) L

I—ID

= [Re y(w,)]" - [Re Y(wu)]' = [Re v(wg)]" du
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Fig. 15.--Leading edge of pulse at indicated positions along coaxial dielectric guide.

50 m

e

100 m

200m




where w, =0, is the system bandwidth, W, is the carrier angular fre-

quency and the primes denote differentiation with respect to w. For
the designed coaxial waveguide [Re Y(wo)]" N3 X 10720 5o for a

100 m guide with a permitted pulse spreading of 0.1 nsec a bandwidth
5 MHz or less is required. Evaluation of Eq. (11) for a metal

rectangular X-band guide gives a maximum bandwidth of 3 MHz for the

same conditions.
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CHAPTER II
DETERMINATION OF MODAL CUTOFF FREQUENCIES
FOR DIELECTRIC WAVEGUIDES

The modal cutoff frequencies'of the coaxial dielectric waveguide
are necessary for the physical design. To show the general method of
detérmining the expressions for cutoff, the dielectric tube (2=2),
the simplest general case, is treated in detail. The results for
the rod (2=1) and coaxial (2=3) configurations are summarized.

Cutoff of a dielectric waveguide mode occurs when the phase
velocity of the guided wave becomes equal to the phase velocity of
a plane wave in the surrounding medium. When the surrounding medium
is vacuum, cutoff is obtained when the' phase velocity of the guide
mode equals the speed of 1ight c. The phase velocity in terms of

the normalized propagation factor (y/ko) is:

- - C
(1) VS Rey T RELv/K,T

This indicates that as v+c, cutoff requires Re(y/ko)+1. The radial

wavenumber hn is defined by;

=

(13) = le - (r/k,)?
0

where e is the relative permittivity of region n.
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: “n .
(14) - e = (&) (1 - J tans )
0

where € is the dielectric constant and tan6n is the loss tangent

of region n. The relative permittivity e of the exterior medium

ext
(freespace) is equa1't0>un1ty thus by Eq. (13), (hext/ko) approaches
zero at cutoff. This conditibn is utilized to determine the cutoff
value for any mode of an 2-layer coaxial type dielectric waveguide
from appropriately determined dispersion relations. The expressions
for three coaxial-type configurations (2 = 1, 2 and 3) are given in
Appendix II.

The general procedure is to define the quantity hext Text
(product of the external wavenumber and the outer radius of the guide)

equal to a variable q and to consider the 1imiting expression of the

-
=

appropriate dispersion relation as g»0. The elements of the v
determinant in the dispersion relation will be expressed as functions

of q. The resulting determinant must still vanish since it is the

limiting case of the dispersion equation. The cutoff relation is

obtained by equating to zero the coefficient (determinant) of the

Towest order g-term whose coefficient is not identically zero. The

first few g-terms may be listed in ascending order as follows:
1,qzznq,qz,(qzznq)z,qz(qz!mq),q4,q2(q22nq)2,q4(q2mq)- In the re-

mainder of this section, the Towest order g-term with nonvanishing
coefficient will be shown to have a determinant representation of

which the zeros determine the mode cutoff values. The order of the

required determinant is the same as the order of the dispersion
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determinants given in Appendix II. The order of the cutoff deter-

minants for the hybrid modes will be

2 if 2=1

(15) Order of D = l42'4 if 9]

and the H and E modes will follow:

(1 if 221

(16) Order of D = ~L22f2 if o]

The dielectric tube waveguide (2=2) is first characterized by
three dielectric regions 61#1, ez#l and e3=1. In this case h3b =q.
Upon substitution of q for h3b in the hybrid mode (HEnm and EHnm)
dispersion determinant Eq. (II-34), the result is shown in Eq. (17)*.

(2)" ] |
H ()
. N n . .
The quantity 9 q T | in rows 2 and 4 of the determinant can
h (8 (q)[
be expanded in terms of q as follows:
AS AMENDED
(2)' ‘J [1+q 2nq+aq2+ -] for n=1
(18) h ———w

[2)(q n+—ﬁ}<ry for n>1
where a = y-2n2 and y is Eulers constant. By substituting the
appropriate expressions of Eq. (18) (only the first two terms of
either expansion are needed) into the terms of Eq. (17), the two

results are obtained from Eqs. (19) and (20).

*On page 34.
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(17)

€ (hja)(h,2)233(ha)3, (ya)
~cy(m)Znga)d, (ma)d} (hys)

()23 (h,b) S
28)" 3y (hy “;‘{"z)a)“

-cz(hzb)d"‘(hzb)qz

n[(hza)z-(h]a)zlln(h]a)dn(hza)
- C(h. l)z-(h a)zll (hya)d,_(h a)qz
H 2 1 190 V02
2(k,d) "

n(hyb)? 3, (hy0)

(C))]
-n —-;—- .l“(hzh)q2

< (hya)(n2)20: (h )1, (hya)
-ep(ha)2(nya)d, ()8 (hya)

(2)
H % (q)
(nyb)2H, (hyb) {q I‘?I)—:\L}

q .
n W

~c(hyb )N, (hob)o?

AL (h,2)2-(h12) 230, (hya )N, (hya)

o ay2 2 2
- z_(sz [{hya)°-(hj2)°D, (hja )N, (h3)q
n(hyb) 2, (hyb)

lep*1) 2
-n —5— N (hyb)q

aC(nya)2-(ha) 233 (hya)3, (hye)
iy Cinga)2-(h )220, (h a)3, (hoa)e?
o
n(n,0)23 (h,b)
27 a2

€yt
- —g—)dn(hzb)qz

(nja)(ny2) 203 (nya)d, (h2)
~(nga)2(n,2)3, (ha)3) (hoa)

(2)

H %' (q)
(n,0)2 3_(h,0) $q }
2 n'"2 { anzs(q)

. -(hzb)-)r'l(hzb)qz

nC(hya)2- (hy0)233, (b a )N, (hya)-

TS (hya)2- (1230, (a8, (hya
o

n(h,0)2N, (hyb)

-n(:.‘z,:l)ﬂn(hzb)qz

(hya) (h,2) 233 (h, )8, (hy2)
~(hya)2(h,2)d, (m2)N, (hya)

(Y2 (hat) H'(‘Z).(q)
q

2 n Zb "nli)(q)

~(h,b) N3 (nyb)e?
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- (19)

(20)

for n=]

€ () (hy2) 233 ()3, (hya)
~ea(hya)2(nya)3; (hya)dj nya)

~(n,5)23, (n,0)-a21ng (n,6)23, (hb)
~Cepthgh)3; (nyb)aln 0)2; (h0) X

Cny)2- (12123 33 (b a); (hpa)

- —L—zc(hza)z-(h]a)zlll(hla)‘ll(hzl)qz
2(k;b)

(8,9)23; (h,p)
1)
S et

for n>1

€ (nja) (h,2) 203 (hya)d (hya)
~ep(hy @) (0,203, (ya) 33 (hya)

<n(hyb)23, (h,)

hb)2
2, n(nzb)jqz

(
-[:z(nzb).)"‘(hzb)- )

aL(hya)%- ()220, (ny2)3 (ny2)

v Chga)2-(m )220, (ma)3, (ya)a
(1)

n(h,0)20,(hyb)
+1
-n i:_z!_) Jn(hzb)qz

< (ha)(0,2)233 (2 )N, (ny2)
~c(hy)2(hya)d; (nya )i (ha)

=(hy0) 21, (nyb)-(h,5) 2, (n,b)cng
~Lep(hbIN; (h,5) +a(h,b) 2 (h,b) 1o

L(hya)-(hy )23, (hy )N, (ny2)

1

-l T2 (b a) 230 (2l (hja)e?

2k b)

(h;0)%, (h,b)

(ey*1)
"22“ My (hgbla?

€ (nj2)(n,2)204(ha)H, (h2)
=cp(n,2)2(h,2)3, ()N (h2)

=n(hb)2N,_(h,b)

(nh)?
~Ley(hbIN} (hyb) = Z(L) B (h,b) X2

aC(hya)2-(h2) 23, (ha)N, (n,2)
o = (ny2) ()23, (2N, (h,2)0
2(kyb}

nh,0)2N, (h,b)
("z*‘ ) 2
- —— "n("z")“

T2 ?-(h,a)230, (ha)d, (hya)

1 )
" 2g? Clhga) - (hqa) 20y (yad, (njade? - —,cz(: = (h2)2-(n2) 230, ()N, (R 2 )a?
X ,

(h0)23, (hyb)
R
- (‘%—) 9 ngp)a?

(ma) (0,229} (hy2)3, (hy2)
- ()2 (ng2)3; (H)35 (hy0)

=(h,9)23; (,b)~(h,5)2; (h,b)a?1ng
~C(n 5035 (h,0) o (n,b) 23, (h,) Ja?

nC(ny2)2-(ny2)230 (hya)d, (hy2)

- 2(—:52{(»\2:)2-(nla)zynu;,.)an(nz.)qz
0

a(hb)%, (hyb)

e+l
'“(%")‘n‘“z"’)“z

(ma)ny2)%03 (0,219, (hy2)
~(h2)2(hy2)9, (ha)3 (hga)

-a(n,0)2, (h,b)
(n,032

2
2(n-1) Inlh)

~L(nyb)33(nb)-

Clhga)2-(hy2)230, (hya)N; (hy0)

(nyb) %, (nyb)
7 €]
{4 moie

(hy2) (hy2) 20 (2D (hpa)
~(ny)2(h0)3; ()N (hya)

~(n,) 2N, (h;)- (hyb) 21, (h,b)o?ing
~C(h DN (b +a(h,b) 2, (h,b) R

aC(hya)2-(ha) 230 (ma ) (hya)

2 2 2
- 2—(:—0;2(&,-) - (0y3) 3, (m 2} (hya)a

n(h,b) N, (h,b)

-»(552) Ny (njb)a?

(h,l)(nza)zdl;(n,-)nn(nz.)
~(h2)2(hya)d, (m a)W: (h,2)

“n(h,5)%N, (hyb)

2
~C(bINA(hzb) = ;{'z;b;, Ny (hb)Ja

T ——
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AS AMENDED

The lowest order g-term in either case may be determined by row-

column operations. Considering first the case where n=1, the procedure

is to add row 4 to row 2.
2

factor g anq which may be factored out of the determinant.

order g-term with nonvanishing coefficient must therefore be of order

2

This produces in row 2 terms with a common

g-2nq or higher. To show thét the coefficient of qzznq term does not

vanish identically, suppress the remaining q-terms larger than the

zeroth order (q(0)=1) after factoring the qzznq term from row 2.

resulting determinant is indeed not identically zero and the lowest

order is qzznq.

for n=1
¢ (hya)(h,2)203 (h 2)9, (hya)

~ep{hya ) (hya)d, (hya)dj {hya)

2 - 3y (hy)

(21) q“2nq

[hya)2-(hya)? 30, (hy2)9; (hya)

-9 (h,b)

The final expression is:

¢ (nja) (h,2) 203 (2, ()

-z (ny2)2(h 800, (hy )N (hga)

=Ny (h,d)

[hya)2-(hy2)? 30, (hya)by (hya)

N (hzb)

[thga)?-(hy2)? 10, (hyada, (hga)  [hja)?-(hye)? 10, (hyaN, (ha)

-3,(n,0)

(ha)(h,2)? 35 (hya)dy (hya)
~(hy2)2(h2)3, (hy2)9} (hya)

=3, (hy0)

-N (hzb)

(hya) hya)235 (hy 2N, (hya)
= (hy2)2(n,2)9, (hya)N; (hya)

= Ny (hgb)

The zeros of the determinant in Eq. (21) are the cutoff values of

the hybrid modes of the dielectric-filled dielectric tube waveguide

for n=1,

Substitution of the expansion of

)

for n>1 from

Eq. (18) into Eq. (20) and then addition of row 4 to row 2 of this

. . 2
determinant results in the terms in row 2 having a common q~ factor

- which is factored from the determinant.
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higher orders of q are suppfessed, then the lowest order g-term with

nonvanishing coefficient is the q

2

obtained is

(22) o2

for n>1
€q(hya) (h;2) 204 (hya)a, (h2) ¢ (ha)(hy@) 205 (h )N, (hga)
-:2(h,a)z(hzn)dn(h,a)da(hza) -:z(hla)z(hza)Jn(hﬂ)N"‘(hza)
. {hyh)? Lo (e
~Lep(hyb)dp(hgb)- 2y Iplhyb)  <Lep(hybINp(hob)- Py
(epM - (ep*)
tn—— J"(hzb)] L N"(hzb)]

NC(hya)2-(hy2) 20, (hadd (ha)  nC(hya)2- (2230, (hyadt, (hya)

Jp(hyb) N, (hgb)

N, (hyb)

term. The cutoff éxpression

nC(hy2)2=(12)2 30 (ha)d (hyn)  nC(hya)2-(hya)23a (b2 N, (hya)

e* . €+ ,
-In =5 J"(hzb)¢(h2b)J"(hzb) -Cn o N"(hzh)O(hzb)Nn(hzb)

np)? p?
- Ty Inihgd)3 e ()] =0
(ny2) (h,2)232 (hya)3, (hy2) (M2} (ny2)20 (hya N, (hoa)
~(ma)?(n;2)3, (ma)d, (h,2) ~(hy2)3(h2)3, (2} (h2)
w () ~ N (hyp)

and the zeros of this determinant are the cutoff wavenumbers for the

hybrid modes of the dielectric-filled dielectric tube waveguide for

n>1.

In the two preceding cases, the external radial wavenumber

was the only wavenumber which was a function of q. If ey = 1., then

an internal wavenumber (h]) is also a function of q indicating the

interior medium must also satisfy the cutoff condition. ( This situ-

ation is not possible in the rod since there is only one dielectric;

but for the tube and all other higher 2-layer configurations with more

than one interface, this condition does arise.) The air-filled

dielectric tube configuration is the most simple structure of this

type. As in the two preceding examples, h3b = q; but also in this

case hja = (a/b)q. The dispersion relation for the hybrid modes

Eq. (II-34) then takes the form
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(aa/b)3; (sa/b) (20/5)9; (aa/b) | mlhb)20, (hya) nihyb)?N, (h,a) i
(h,b)20_(h,a) n h,b)2N_(h n 27" "n T2 27 Tn 2® :
2 et {—I"T'm’_} A Z.){w (0, 0002 pal 2 {
~ep(hga)0; (haa)e? ¢, (hya N (hja)al T/ T (5 vz
\(2) . (2) 2
2 q Hy (q) 2 qH (q) -n(hzb) J (hzb) n(hzb) N, (hob)
i (hyb) J"(hzb){—u'?’-(-q—)— (hyb )N, (hob) —;,E%’(qT (e } . e 2 )
_Z_ Jp(hab)a -n Nn(hzb )q
e (hy0)0; (hyb)o? e (hyb N (hyb )a? ?
(23) ! " =0
(aq/b)d! (aq/b) (aq/b)J! (aq/b)
2 2 q q
n(h,8)23, (h,2) n(hyb)?K, (h,2) h) J"("z'){—mﬁfﬂ_} (hzb) "n("z'){_J,,‘(#ﬂ_}
“ 1 ~(hya)3} thza)a? ~(hyadt: (hga)a?
n(—'g—) 3, (hy2)a? n(‘—z;—) N, (hyala? ZrnTe et
. (2) @)
2 Q" (a) "(a)
n(hyb)23, (hyb) n(hyb N, (h;5) (hb) Jn(hzb){—({)'—”" = (h,5)2N, (hyb) -m—( )
_r_“z 3, (nzb)a?” —z—( Z )N"(hzb)qz (0010, (hype? (b )N, h b )o?
N . [ H, '(q)
In addition to the expressions given in Eq. (18) for«[q _——C?Y_—-
(q)

terms in the second and fourth rows, the expansion of

[(asb)a 9" (aq/b)
[ J,, (aa/b)

} appearing in the first and third rows of the

determinant in Eq. (23) is given by:

) {(a/b)q Jn'(aQ/b)JLm N CY/ G OV - M

J (aq/b) 2(n+1) 8(n+1)° (n+2)

Substituting the appropriate expansions involving q into the determ-
inantal Eq. (23), the expressions for the hybrid modes are given in
Eqs. (25) and (26). The determinants in these two expressions are
lightly more complicated, but the procedure for obtaining the cutoff
lation is similar to that described above. Add row 4 to row 2 of
he determinant in Eq. (25) and factor qzznq from the resulting second
w. Subtract row 3 from row 1 obtaining'a new row 1 having a common

2 factor which is then factored. If the remaining terms of order
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(25)

for n=1
(hzb)zJ](hza)
(h,a)?
=2 3, (hya)+cy(hya)dy (Ahza):hz
-(hzb)zJ](hzb)-qzlnq(hzb)zJ](hzb)

~Lep(h )] (hab)+aln )23, (hpb) 12

2
(hzb) J](hza)
e+l
{%r) nmrd®

(hzb)z 3, (h,b)

(e,41)
- —4— 3y (hyp)a?

(hzb)zul (h,2)
(hza)z

5 N](hza)+cz(hza)ﬂl'(h2a)3qz
~(h,p) 2N, (hzb)-(hzb)zN] (hyb)aling

~Le(hybIN; (nyb)+a(hy0) N, (hyb) Ja?

(hb) 21y (hy2)
et
'(—22’) Ny (hya)a?

(hzb)N] (hzb)

(e,#1)
LRV,

(hzb)z 3, (hya)
+1
c—22’)"1“‘2”“2

2
(hyb) J](hzb)'
(52"" )

- J](hzs)qz
2
(n,9)23; (h2)

(h,a)?
- [—}a— J](hza)i'(hza).)i(hza)]qz

2 2 2
(hzb) Jl(“zb)'(“zb) J](hzb)q Inq
-[(hzb).].i(hzb)+a(h2b)2.].l(hzb):lq2

. (hzb)z N, (hya)

'(E—z;]‘ )"1 (hga)a?

2
(hzb) N](hzb)

(e,*1)
- —5— M (hyp)a?

2
(hzb) H](hza)

(hzﬂ)z 2
- [—T_ N](hza)+(h2a)Ni (hza)] q

~(hyb)?N, (hzb)-(hzb)ZN] (n;b)a1ng
-C(nyb)N (hyb)#a(hy0) M, (hyb) T

;
3
3
i
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and for n>1

n(hyb 2 NOEY

n(h,0)2N,_ (ha) n(hyb)2J, (hya) n(hyb)2N, (hya)
- [-(hﬁ:)z J, (hpadte,(hya)dp (hzail a® -E;E—ﬁ;,)-zy N, (hya)+e, (hza)N",(hzaJ ¢ -n(e—z; J, (hza)qz n(z;’_) N, (hza)qz
: -n(n )23 (hyb) -n(1,0)2N, (hyb) n(hyb)2_ (h,b) n(hyb)2N_ (hb)
f‘ -[ez(hzb )3, (hyb)- gfg; -{cz(hzb)ﬂ;,(hzb)— l(;hrj)— -,,EQ;E J, (hyb o -nit_—z;ll N"(hzb)qz
= (26) \ )
5 » n(hzb)ZJ"(hza) n(hzb)an (hya) n(hb)23, (hya) n(hgb)oN, (hya)
A(TZ1) 5. tnyae? A PRRE -[("ﬁf)z 4 (hza)*(hza)dr'l(hzaﬂ o? -[‘"ﬁf’z Nn(hza)+(hza)Nﬁ(h2aJ o
; n(h,b)23,_ (h,b) n{hgb )N, (hyb) -n(h,0)20, (hyb) -n(h,0)2N, (n,)
j -n(_cz-;ﬂ Jn(hzb)q? -n-(fgﬂ N, (h,b)e - Ehzb 39; (h,b)- ;;,3;):; 3, (h2b£|q2 - lihzb)N';(hzb)- (hf:)z Nn(h2b£| @
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greater than q(o) are suppressed, the resulting determinant is not
identically zero. Thus, the q2(q22ﬁq) term is the lowest order with
a nonvanishing coefficient. The final expression is given in

Eq. (27). The zeros of the determinant in Eq. (27) produce the

cutoff wavenumbers for the n=1 hybrid modes for an air-filled

dielectric tube.

In the determinant of Eq. (26), add row 4 to row 2 and from the
new row 2 factor q2. Subtract row 3 from row 1, and from the new row

1 factor out another q2. Suppression of higher q terms reduces the

4

determinant to the coefficient of the q° term which is not identically

vanishing. The resulting determinantal expression is given in Eq. (28).

This is the determinant whose zeros define the cutoff wavenumbers
for the n>1 hybrid modes of an air-filled dielectric tube waveguide.
‘The procedure illustrated above with only slight modification
can be used for any mode of an 2-1ayer coaxial type dielectric wave-
guide. As shown in the preceding examples, the first step is to
obtain the dispersion determinant which, for the configurations in-
volved in this report, are given in Appendix II. Substiﬂution of the
appropfiate expansions in terms of the variable q, which is introduced
by the exterior (and interior, if applicable) cutoff condition, is
performed. Any common row or column g-term is factored from the
determinant after the required row-column operations are performed.
After the lowest Qrder q-term is removed‘from the determinant, the
g-terms of higher order than q(o) in all the elements of the determin-

ant are suppressed; and the coefficient of the lowest order g-term is
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(27)

qz(q21nq) ‘

Ay

(28)

for n=1

)
-[: 28 3, (hya)+ey (nya)dl (hya)

'(‘%i) h (hzaﬂ
~(hb)23, (hyb)
(hy)23, (hya)
(hy0)23, (hyb)

for n>1

2
h
! 2 2) 3. (hya)+ey (ny2)3! (hy2)

-n 22 )Jn(h2a£|

2
h
-L;z(h b (hgh)- Z7amyy I (nb)

+n( 2 2 J (hzb{]

n(hyb)23, (hya)

n(h,b)23, (hyb)

(hya)
[-—z—N (hza)+ez(hza)N (hza)

( )“1(“2§J

2
'(hzb) N-I (hzb)
2
(hzb) N](hza)

(hyb N, (hob)

(h,a)?
[%1§?T7 N (hya)+e, (hya N (ny2)

(% ]) N, (h, ﬂ

b)2
-| €5 (hobIN: (hyb)- zri—r N, (hyb)
e2+'l '
+n -7 Nﬂ (hzb)
n(hyb )"’Nn (hza)
n (hzb )Nn (hzb)
AN

2

‘[K?%jj')d1(hz‘)' (h4a)

-(hza)J]' (hza)
-(hzb)ZJ](hzb)

C(hy)2, (hya)-(h,2)3 (hya)]

-(hzb)zJ](hzb)
€2+] (hza)z
|5 )aptvz0)- ey oyt

-(h‘.!a)J;1 (hza)

[ ()., (n ) +(n,5)3; (hyb)

(hyb)? :
- 371y 9a ()

[n(hyb )23, (hya)- (hya)d! (hya)]

-n(hzb)zan(hzb)

% (hza)

- (hza)N]' (hza)
-(hzb)ZN](hzb)

L(hb)2N, (hya)-(hya )N (hya)]

’(hzb )2"] ('lzb)
( )2
-(hza)N,'l(hza)jl

)
. n(?gz—)Nn(hzb)+(h2b)NA(h2b)

(hyb)?
“ 21T N ("z")

[n(h,b)2N, (hya)- (hya )N, (hya)]

-n(n,b)2N,_ (h,b)
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obtained. The zeros of the resulting determinant are the cutoff
wavenumbers of the configuration and mode invo]ve'd. Table 2
summarizes the Towest order q-terms with non-identically vanishing
coefficients and the next higher order of gq-term which is suppressed

for each mode and configuration treated in this report.

To complete the dielectric tdbé, the resultant cutoff determ-
inants for the Ebm and Horn modes are found from Eqs. (II-23) and

(I11-27) for the dielectric-filled and air-filled cases.

Dielectric-Filled Tube (e-|>] L)

Hom modes :
(29) q(o) (hy2) 93(hja)d (hya)-(hya)dy(hya)dg(haa) (hza)Jé(h1a)No(hza)-(h1a)do(h]a)Na(h2a)l _
Jo(hyb) Ny (h,b)
Eom modes :
h,a-
(0) (ha2) ~— 3,(ha) + 9y(ha) - 2 N (ha) + Ny (hya) .
) q . : = E
AS A Nﬁ 3, (hyb) - N, (hyb) l Ay | _>/>

Air-Filled Tube (s-|=1.)

modes

oo

e](hza) J! (h]a)J (hza)-cz(h]a)d (h1a)J (hza) :](hza)d (h.la)N (hza)-:z(h]a).] (h]a)N (hza) E@-’«'/*Q,V
(31) q =
9y (hyb) Ny (h,b)
Eom modes :
h,a
-el-i;-zf-)do(hza) + ey 3y (hga) - (-%——) Ny(hya) + cp Ny(hja)
L (32) ql©) =0
34(hgb) Jo(hab)
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TABLE 2
CUTOFF SUMMARY

CONFIGURATIONS WITH NO INTERIOR REGION CUTOFF

Lowest order g-term Order of next higher

with nonvanishing q-term which must be
modes coefficient suppressed
Eom q) q%eng
Hom q(0) q%eng
HE]m qznnq ' q2
HEnm (n>1) | q2 | q4

CONFIGURATIONS WITH ONE INTERIOR REGION CUTOFF

Eom q(0) q%anq

Hopm q(°) q%eng

HE E q4£nq q4

HE ., (n>1) § q* q*(q%enq)

The cutoff wavenumbers for the various modes of the coaxial
dielectric waveguide configuration can be obtained from the zeros of
the cutoff determinants listed in Eqs. (33) to (36) when none of the
interior dielectrics have unit relative permittivity. In each case,
the lowest order g-term for which the remaining determinant is non-

vanishing is indicated.
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Coaxial Dielectric Waveguides (2=3)
h4C = q+0 E'If]- €2¢.|. and €3#].

Hom modes [Eq. (II-42)]:

(33)

(o)

=(hgb)J; (h,b)

[ -thy2)9, th2)a, (hya)

+(h]a)Jo(h1a)J-| (hza)

‘Jo(th)

EOm modes [Eq. (II-38)]:

(34)

(o)

-&; (hya)d; (hya)d, (haa)
+€2(h.|a)J°(h]a)J.l(hza)

Jg(hob)

- (0}, (hyb)

-{h3b)N; (hyb) (hyb)d; (h5b) (hab Ny (h3b)
-(haa)J.l (h]a)No(hza) 0 0
+(h]a)J°(h]a)N] (hya)
, =0
N, (hyb) -9, (h3b) N, (hgb)
0 J, (hse) N (hye)
-E.l(hza)J](h]a)No(hza) 0 0
ey b(h.la)do(h.la)N] (hza)
No(th) -Jo(h3b) -No(h3b) =0
-cz(hab)N.I (hzb) 53(h2b)J.| (h3b) c3(h2b)N-| (h3b)
v Jo(hge) Ny (hse)
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(35)

q Inq

and

Hybrid modes [HE _and tn . from Eq. (I1I-49)]:

COLUMN 1
€ (nya) (hpa)20; (hy2)3, (hya)
~e5(hya)2 (hga)d, (hy )35 (ha)

€2 (yb) (h 0123} (hb)

N (hzb)

(h9)%3; (hzb)

coLumn 2

€1 (ny2) (n2)203 (hya)A, (hya)
~ep(ny2)2(n,2)3, (hyadNi (hya)

0
€ (hb) (h30)23 (hyb)

L (hzb) .

(hgb)?, (nyb )

[ihga)2-(ny2)? 30, (m2)3) (g2} Tlhya)2=(nya)200; (hya), (hya)

COLUMN 3 COLUMN 4

[inga - (hya)? 30y (hyaddy (nga)  [(hga)?-(nya 1200, (hya )N, (hya)

0 0
(h39)23, (n,b) (h3p)?N, (n,b)

0 0
Jy{hgb) ) Ny {hy0)
(b (h3)23; (h,b) (hyb) (n35)2; (h,b)

(hya)(nya)203 (ha)d, (hga)
~(nya)2(hy2)9; (hya)d; (hya)

() (hy0)%0; (h 2N, (ha)
- (hya)2(hy0)3; ()3 (h2)

0 0 [ 0
~cotumy § COLUMN 6 CoLuMN 7 COLUMN 8
[ 0 0 0
- (36120, (hge) ~(hye )Ny (hge) -(r4)20; (ng0) ~(hge )y (hy)
~e3(n0)70 0101 (hgb)  2eq(h0)2(hgbING (h D) ~(nyb)2d, (hsp) ~(ngb) %Ny (n3p)
-d;(hd) =N, (h,b) 0 0
3 13
=0 for n=1
0 0 -J1 (h3b) -N1 (h3b)
~(n,2)23, (hb) ~(hb)2h, (hb) ~(nyp)(hgb)33 (hgd)  -(h;0)2(h )N} (hsp)
0 0 0 0
(hy)23, (hge) (h3e)?N, (hoc) ~(h30)23; (h4¢) ~(h3c) M, ()
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weiateuibtininbtibonsat e IR 115 . M T
for n>1
(36) coLu 1 coLum 2 coLum 3 coLum 4
g (ngad(ha 20 (ha) ey (hyadiga) s hgadN (hya)  aLha)2- (02029, (ya)d, (hya)  nE(hya)P- 01200, (hya, (hya)
<o (hya)2(hp8)d, (nya)s(hga) =, (hya)2(hga)d, (hqadH: (hya)
0 0 0 0
€ (hyb)(h5)233 (hyb) £ (nyb) (h9)2N: (hb) 0 (n35)%3, (hyb) n(hyp)2N, (h,b)
q2 |
3,(n;b) N, (h,b) 0 0
0 0 3, (n,) Ny (hyb)
n(hyp)23, (n,) n(hyb)?N, (hyb) (n;0) (h3)20; (hb) (hgb) ()N, (h,0)
al(hya)?-(n12)233, (hyadd, (hya)  nE(hya)2- (h )220, (hyadN, (hya)  (hya)(hya)20: (129, (hya) (hya) (h2)20; (h;a )N, (hya)
~(qa)2thga)a (hakiathpa)  ~(hja)Z(hpa)d, (hqadN(hya)
0 0 0 0
‘ coLumN 5 COLUMY 6 coLumi 7 cowm 8
0 ] ] 0
(hye)? (hye)? " hye)? hyc)?
217 Jalhgegthachding) [2‘(-%’)’ Na (h3)-cg(n3cN, (hae) ["‘(:ST) In (el 1("(:"-:‘?‘)'%("3‘) oS ere ;T:;:T"n"'s" :
- +1 :
-n(ﬁr)an(nzcﬂ (% un(hacﬂ -(hac)Ja(hJc)] -(hac)N"‘(hac)]
~e3(ny0)2(h30)31 (h 0) ~e5(n,5)2(n35)8: (h30) -n(h,9)23, (h3b) “n(hgb )2, (hgb)
-3y (hp) N, (hp) 0 0 =0
o 0 =3, (hgb) N {hyb)
-n(hy0)23, (hyp) -0 {h;6)%, (hb) ~(h9)%(n3p)33 (h3p) ~(h0)2(h 5N (h3b)
0 0 0 0
2 2 2, 2
(hye)®0, (hye) n(h3e) N, (hyc) =n(h3¢)J, (hye) =n{h5c)N, (hge)
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The Fé]ative]y simple case of the dielectric rod waveguide gf
can be solved by this procedure to produce the following determinantal

expressions and lowest order g-terms.

Dielectric Rod Waveguide (2=1)
h2a = g0 51#1.

Hom [Eq. (II-12)] and Eom [Eq. (II-8)] modes:

J (h1a) 0
(37) q'©) Z ' -0

Hybrid modes [HEnm and EH from Eq. (II-19)]:

J1(h]a) J](h]a)
2 g
(38) q"2nq =0 for n=1 g

and
2 1
(hya) (e1+1) ,
E“m”ﬁ%“‘x" - E'(:T:TT Jn(h.la) E —71——— Jn(h1a)+(h]a)Jn (h.la)
e+l (h.la)2
+ n(—z-—)Jn(h.‘a):l - 2-("—_1')' Jn(h.la)

(39) q2 =0 for n>1.

- Jn(hla) ‘Jn(hla)

It will be noted that the determinants in Eqs. (37) to (39)
are easily expanded to obtain the well known cutoff equations for the

rod modes:‘
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HOm and Eom cutoff equation:

(40) Jo(h]a) =0

Hybrid mode cutoff equations (HEnm and EHnm):

(41) J12(h1a) =0 for n=1
and
(hya)d, (h,a)
(42) Jn(hla)l362+1)dn-](h1a) - — (nf])] } =0 for n>1,

which agree with the expressions derived by S.A. Schelkunoff[2] and
S.P. Schlesinger[3] for the dielectric rod waveguide modes.

Expansions of the determinants obtained for the dielectric tube
cutoff wavenumbers agreé with the expressibns obtained by V.H.
Unger[5] for the E__, H  and principal hybrid mode HE,;. The above
is probably the first formulation of the cutoff relation for the n>1
hybrid modes of the dielectric tube.

In his dissertation, R.I. Barnett[6] found equations for calcu-
‘lating the cutoff wavenumbers for the Eom and Hom modes of the
dielectric coaxial configuration. The expressions obtained by ex-
panding the determinants in Eqs. (33) and (34) agree with those given
by Barnett. The hybrid mode cutoff relations for the coaxial
die]ectrié waveguide have not been reported elsewhere.

The zeros of the determinants given in any of the above cut-
off relations can be found from a simple iterative procedure

assuming lossless dielectric media. For a given n, the cutoff
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wavenumbers of all m modes can be calculated from the appropriate
cutoff determinant. Trhese cutoff wavenumbers are obtained by starting
with the wavenumber equal to zero, incrementing by 0.1 and evaluating
the determinant until there is a change in sign of the value of the
determinant. The sign change indicates a zero of the determinant

has been crossed. By decreasing the increment successively by powers
of ten as the iteration across the sign change is accomplished, the
zero can be determined to any degree of accuracy. The first zero
pertains to the nF1 mode. If the same procedure is éontinued at
larger'wavenumbers, the subsequently determined zeros will correspond
to the n=2,3,-:- modes.

The results are shown in Figs. I-32 to I-60 of Appendix I. An
examination of the determﬁnants of the hybrid modes for any of the
configuratibns will show that for the principal hybrid mode HE]], the
cutoff wavenumber is always zero. It will be noted from the graphs
for the dielectric tube that the limiting cutoff wavenumber (as a/b-0)
of the tube is equal to that of the corresponding dielectric rod
wavenumber. Likewise, there are two such limiting cases for the
graphs of the coaxial dielectric waveguide. As a/c+0, the Timiting
value of the cutoff wavenumber is equal to the corresponding dielectric
tube value. Also, as {;Z§)+(b/c), the 1imiting case of the coaxial
Eﬁﬁzlectric waveguide is the dielectric rod and again the cutoff wave-

numbers concur.
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CHAPTER III
SUMMARY

The cutoff, dispersion and atténuation characteristics for
the Tower order modes are presented for the die]ectric rod, tube
and coaxial waveguides. Based on these data and energy transporting
capabilities, the coaxial guide is shown to be éuitab]e_for trans-
mission over moderate distances and a set of design criteria has
been formulated. An example of a X-band dielectric coaxial con-
figuration is presented and its transmission properties calculated.
The dielectric coaxial waveguide shows certain advantages over
the simple dielectric rod waveguide. The design configuration has
been constrained such that less than 10% of the energy is traqsported
outside the guide with all energy‘transport in the dominant mode.
The maximum allowable frequency range satisfying this energy criterion
for the X-band dielectric coaxial waveguide was shown to be 8.4 GHz
to 11.7 GHz. Imposing such energy restrictions on the rod waveguide
greatly reduces the allowable operating frequency range. The coaxial
waveguide considered also exhibits lower attenuation over the entire
operating band. At the center frequency of 10 GHz, the rod waveguide
attenuation was larger than the coaxial configuration attenuation by
a factor of more.than two ahd a half. The phase was linear over a

larger band for the coaxial guide indicating better transmission
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of video pulse detail. The pulse dispersion of the coaxial guide
is comparable to that of a metal waveguide.
The construction of 1ong.1engths of dielectric rod waveguide

presents problems which can be easily overcome in the coaxial con-

figuration. Some simple methods of construction of the coaxial guide

have been suggested. The coaxial waveguide has the benefit of a
thin outer dielectric shell which can be made of a weather resistant
(sealer) material, This would great]y reduce the affect of environ-
ment on the dielectric properties (especially the loss tangent) of
the waveguide. |

The physical size of the coaxial guide designed for the X-band
region is comparable to that of a metal-guide designed for operation
with the same central frequency. The operating frequency band of
1.4:1 is also similar, and the attenuation is small enough in this

range to make transmission over moderate distances feasible,
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DISPERSION AND CUTOFF PROPERTIES OF DIELECTRIC

Figure

APPENDIX I
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The data obtained for the three cylindrical die]ectric coaxial-
type waveguides (2=1,2 and 3) of circular cross-section are shown
in the following figures. Three types of graphs are presented for
each configuration; the dispérsion and the corresponding attenuation
curves (ekp]ained in Appendix II) and the cutoff wavenumbers of some
of the lower modes (modal cutoff expressions given in Chapter II).

Modal dispérsion and attenuation data are presented for the
dielectric rod, tube, and coaxial waveguides in Figs. I-1 to I-31.
The equation numbers of the appropriate expressions given in Appendix
IT used to determine the curves are indicated. Data for the rod
configuration are shown in Figs. I-1 to I-3 for dielectric rods with
relative dielectric constants 2.55, 4 and 9. Air-filled tube configur-
ation data are plotted in Figs. I-4 and I-5 for a tube with relative
dielectric constant 2.55. Figures I-6 to I-31 present the data for
the coaxial configurations. The inner tubular dielectric region
(a<r<b) is always made of material with relative dielectric constant
1.03. In each case, the inner dielectric region (r<a) and the outer
tubular region (b<r<c) are made of material with one of the following

relative dielectric constants: 2.55, 4, 9 or 90.
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The cutoff wavenumber data of the lower modes are shown in
Figs. I-32 to I-60 for configurations with various geometrical and
die]eétric properties. The appropriate cutoff expression from
Chapter II is indicated on the figure. Rod data are plotted in
Figs. I-32 and I-33. Air-filled tube data are presented in Figs.
I-34 to I-41, and data for the coaxial configurations are shown in

Figs. I-42 to I-60.
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Fig. I-1.--Modal (a) dispersion and (b) attenuation characteristics
for dielectric rod waveguide: e]=2.55 (Eqs. (I1-8),
(I11-12) and (II-19)).
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Fig. I-2.--Modal (a) dispersion and (b) attenuation characteristics
for dielectric rod wavegu1de €1=4.0 (Egs. (I1-8),
(1I1-12) and (II-19)).
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Fig. I-3.--Modal (a) dispersion and (b) attenuation characteristics

for dielectric rod waveguide: e]=9.0 (Eqs. (I1-8),
(11-12) and (I1-19)).
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7ig. I-4.--Modal (a) dispersion and (b) attenuation characteristics

(b)

for airfilled dielectric tube wave
a/b=.5 (Eqs. (II-23), (II-27) and
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Fig. I-5.--Modal (a) dispersion and (b) attenuation characteristics
for airfilled dielectric tube waveguide: 62=2.55
(Eq. (11-34)).
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Fig. I-6.--Modal (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: e1=63=2.55, ez=1.03,
a/c=.3, b/c=.7 (Eqs. II-38), (II-42)
and (II-49)).
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Fig. I-7.--Modal (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €-|=e3=2.55, e2=1.03,
‘a/c=.3, b/c=.8 :
(Eqs. (11-38), (II-42) and (11-49)).
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.--iiE77 mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=2.55, €,=1.03,
a/c=.3 (Eq. (II-49)).
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Fig. I-9.--HEy; mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=2.55, €5=1.03
(Eq. (I1-49)).
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Fig. I-10.--Egy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €]=€3=2.55, €2=1.03,
a/c=.3 (Eq. (II-38)).
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Fig. I-11.--Epy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €]=€3=2.55, €2=1.03,
b/c=.8 (Eq. (II-38)).
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Fig, I-12.--Hgy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €]=€3=2.55, €2=1.03,
a/c=.3 (Eq. (11-42)).
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Fig. I-13.--Hpg mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: e.|=e3=2.55, e2=1.03,
b/c=.8 (Eq. (II-42)). v
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Fig. I-14.--Modal (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=4.0, €,=1.03,
a/c=.3, b/c=.8
(Eqs. (II-38), (II-42) and (II-49)).
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Fig. I-15.--HE71 mode (a) dispersion and (b) attenuation character-
istics for dielectric coaxial waveguide: 61=€3=4.0,
ez=1.03, a/c=.3 (Eq. (I1-49)).
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Fig. I1-16.--HEy] mode (a) dispersion and (b)‘attenuation character-

jstics for dielectric coaxial waveguide:
ez=1.03, b/c=.8 (Eq. (II-49)).
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Fig. I-17.--Egy; mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=4.0, €2=]'.03,
a/c=.3 (Eq. (II-38)). '
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Fig. 1-18.--Eyy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €]=€3=4.0, €2=1.03,
b/c=.8 (Eq. (II-38)).
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Fig. 1-19.--Hg1 mode (a) dispersion and (b). attenuation characteristics
' for dielectric coaxial waveguide: €]=€3=4.0, €2=1.03,
a/c=.3 (Eq. (II-42)). :
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Fig. I-20.--Hgy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=4.0, €2=1.03,
b/c=.8 (Eq. (I1I1-42)).
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Fig. I-21.--Modal (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: <e1=€3=9.0, €2=1.03,
a/c=.3, b/c=.8 :

(Eqs. (II-38), (II-42) and (II-49)).

79




2.4

2.2

= N
[« ] [e]

Re (r/ko)
o

1.4
1.2
1.0
0 4
koc )
(a)
3 4

Fig. I-22.--HE1] mode (a) dispersion and (b) attenuation character-
istics for dielectric coaxial waveguide: €1=€3=9.0,

€,=1.03, a/c=.3 (Eq. (II-49)).
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' F1’g 1-23. --HE]c mode (a) dispersion and (b) attenuation character-
ics for d1e1ectr1c coaxial waveguide: €]=€3=9.0,
2—] 03, b/c=.8 (Eq. (I11-49)).
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Fig. I-24.--Egy mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=9.0, €2=1.03,
a/c=.3 (Eq. (II-38)).
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Fig. 1-25.--Eg] mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €,=€;=9.0, €,=1.03,
b/c=.8 Eq. (II-38)). . :
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Fig. I-26.--Hg] mode (a) dispersion and (b) attenuation characteristics
for dielectric coaxial waveguide: €1=€3=9.0, €2=1.03,
a/c=.3 (Eq. (II-42)).
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Fig. 1-27.--Hg] mode (a) dispersion and (b) attenuation characteristics

for dielectric coaxial waveguide: €1=€3=9.0, €2=1.03,

b/c=.8 (Eq. (II-42)).
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Fig. I-28.--Modal dispersion characteristics for d1e1ectr‘1c coax1a1
waveguide: 61—63—90 2—1 03, a/c=.3, b/c=.8

(Eqs. (1I-38), (II-42) and (II-49)).
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Fig. I-29.--Modal dispersion characteristics for dielectric coaxial
waveguide: e]=e3=90., 62='|.03, a/c=.1, b/c=.8

(Eqs. (11-38), (II-42) and (II-49)).
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Fig. I-30.--Modal dispersion characteristics for

waveguide: e]=e3=90., 62=1.03, a/c=.

(Eqs. (II-38), (II-42) and (II-49)).
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Fig. I-31.--Modal dispersion characteristics for dielectric coaxial
waveguide: €1=€3=90., €2=1.03, a/c=.1, b/c=.95

(Eqs. (II-42) and (II-49)).
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Fig. I-32.--Permittivity versus modal cutoff wavenumbers for dielectric rod waveguide
(Eqs. (40) and (41)).
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Fig. I-33,-—Permittivity versus modal cutoff wavenumbers for dielectric rod waveguide (Eq. (42)).
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Fig. I-34.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €,=2.55 (Egs. (27), (31) and (32)).
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Fig.v I-35.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €,=2.55 (Eq. (28)).
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Fig. I-36.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €,=2.55 (Eq. (28)).
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Fig. I-37.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled

dielectric tube waveguide: €,=2.55 (Eq. (28)).
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Fig. 1-38.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €,=4.0 (Egs. (27), (31) and (32)).
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Fig. I-39.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €3=9.0 (Egqs. (27), (31) and (32)).
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Fig. I-40.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €,=90. (Eq. (27)).
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Fig. I-41.--Radii ratio (a/b) versus modal cutoff wavenumbers for airfilled
dielectric tube waveguide: €5=90. (Egs. (31) and (32)).
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Fig. I-42.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €,=€3=2.55, €,=1.03 (Eq. (35)).
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Fig. I-43.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: e]=e3=2.55, €,=1.03 (Eq. (35)).
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Fig. I-44.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €,=€372.55, €,=1.03 (Eq. (34)).
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Fig. I-45.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €1=€3=2.55, €2=].03 (Eq. (33)).
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Fig. I-46.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €=¢€5=2.55, €,=1.03 (Eq. (36)).
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Fig. [-47.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: e]=e3=2.55, €,=1.03 (Eq. (36)).
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Fig. I-48.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €;=€,=2.55, €,=1.03 (Eq. (36)).
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Fig. I-49.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: e]=e3=2.55, 62=1.03 (Eq. (36)).
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Fig. I-50.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
' coaxial waveguide: €1=€574.0, €,=1.03 (Eq. (35)).
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Fig. I-51.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €]=€3=4.0, €2=1.03 (Eq. (35)).
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Fig. I-52.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: e]=e3=4.0, €,=1.03 (Eq. (34)).
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Fig. I-53.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €]=€3=4.0, €,=1.03 (Eq. (33)).
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Fig. I-54.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: ¢=€3=9.0, €,=1.03 (Eq. (35)).
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Fig. I-55.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: e.|=e3=9.0, €,=1.03 (Eq. (35)).
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Fig. I-56.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €,=€5379.0, €,=1.03 (Eq. (34)).
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Fig. 1-57.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €=€379.0, €,=1.03 (Eq. (33)).
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Fig. I-58.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric

coaxial waveguide:

e.|=e3=90., ez='|.03 (Eq. (35)).
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Fig. I-59.--Radii ratio (a/c) versus modal cutoff wavenumbers for dielectric
coaxial waveguide: €1=€5790., €,=1.03 (Eq. (34)).
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APPENDIX 1II
THE FIELDS AND DISPERSION RELATIONS FOR
DIELECTRIC COAXIAL WAVEGUIDES

The three coaxial dielectric waveguides considéred are shown in
Fig. 1 with appropriate parameters and coordinates indicated. The
dielectric rod‘waveguide (2=1), a sing]e dielectric with an infinite
surrounding vacuum, has been treated extensively in the literature.
‘Notably, the rod was first considered by Hondros and Debye[1] in 1910.
Since that time numerous papers have been published concerning the
characteristics of the dielectric rod.' The parameter g denotes the
number of dielectric interfaces, 2=1 for the rod, 2=2 for the tube
etc. The dielectric tube, a hollow tube filled with another di-
electric (usually air) and surrounded by vacuum, apparently was first
considered by the Northwestern Uni&ersity-Microwave Laboratory[4].
Much of what was known about dielectric rods and tubes by the year
1952 was compiled in a monograph on the subject of dielectric aerials
by D. G. Kiely. The}die1ectric coaxial waveguide (2=3), is constructed
of a dielectric rod surrounded concentrically by two hollow dielectric
tubes and an infinite surrounding vacuum. Investigation of this
structure was forced to wait until very recent times when techniques

for handling a computational problem of this size were available.

IReference 7 provides an extensive bibliography on the dielectric rod
and tube.
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The cylindrical dielectric rod surrounded by a hollow cylindrical
tube with air between was considered by Barnett[6].

Each configuration can support the H E m °" hybrid (where

om> o
both axial H and E components exist simultaneously) modes. Unlike
metal waveguides which can support longitudinal conduction currents
along their walls, dielectric waveguides unable to support conduction
currents, give rise to displacement currents requiring both axial
E and H.components. The convention of denoting these hybrid modes
as HE__or EH (n>1) depending on whether the Hom OF E,p Metal wave-
guide type mode, respectively, predominates is used. The HE modes
have a lower cutoff value than the corresponding EH modes of the same
order. Furthér, the HE,, (hybrid) mode which has no cutoff value is
referred to as the dominant mode. The first index n indicates that
the phase around the circumference of the cylinder changes n times.
The second index m gives the number of standing halfwaves between
the guide axis and the outer guide boundary. Unlike ordinary metal
guides, the number of halfwaves in a dielectric guide is a whole
number only at the cutoff frequency of the mode. Therefore, m is
the number of full halfwaves neglecting any portions of incomplete
halfwaves. \

Using the boundary condition that the tangential fields H¢, E¢,
HZ and Ez are continuous across each die]ectri;.interface, expressions
re1atfng the modal excitation constants in adjacent regions are found.
For the hybrid modes, the number of boundary conditions which must be

satisfied increases by four each time another dielectric shell is added.
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Requiring the tangential fields to be continuous across all the
boundaries gives rise to a set of 42 (2 is the number of dielectric
interfaces) homogeneous equations relating the modal excitation
constants in adjoining regions. In order for a solution to exist for
this system of homogeneous equations, the determinant of the coef-
ficients of the modal excitation constants (referred hereafter as the
dispersion determinant) must vanish. The order of this determinant
which is originally 42 for the hybrid modes is reduced by employing
the relations resulting from imposition of the boundary conditions for
HZ and EZ at the innermost and outermost interfaces. For each con-
figuration and mode, these equations are shown fo11oWing the field
component expressions at the end of this appendix. For the hybrid
modes when 2=1, the dutermost and innermost layers are the same and
the order of the determinant can only bé reduced by 2; but for 2>1,
the order of the determinant can be reduced by four. Summarizing,
thé order of the determ{nant relating the modal excitation constants

of the hybrid modes is

2 if e=1
(11-1) Order of D =

42-4 if 21

The order of the dispersion determinant for either the Hom or Eom
modes will be half that of the corresponding hybrid mode determinant

since only half as many boundary conditions are involved

-

1 for 2=1
(11-2) Order of D = 9§ ,, for 51.
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The dispersion determinant, D, is a function of the normalized
propagation factor y/ko, the dielectric properties of the cylinder
and the various radii of the coaxial layers. The radial wavenumber

hp of region p is related to y/k0 by

h
2
(11-3) 2 - lep = Gu/ky)

where e¢_ is the relative permittivity of region p. The relative

p
permittivity is

(11-4) €. = %?—(1-j tan §_)
p o p

where ep is the dielectric constant and tan ap is the loss tangent of
region p. The zeros of determinant D provide the dispersion and at-

tenuation data for a particular configuration and mode. In each case,

the determinant is ordered in such a way as to remove all singularities.

There are restrictions on the domain of the propagation factor

vy and the external radial wavenumber h
Jlut-yz)

ext” Since wave propagation

is assumed of the form e vy must 1lie in the fourth quadrant
for waves traveling in the positive z direction. The function
characterizing the external fields is Héz)(h r). To provide the

proper asymptotic field behavior, with this restriction on v,

2
hext = Ko J1 - (Y/ko)

must 1ie in the third quadrant.
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Once the dispersion cukve for the desired configuration and mode
has been obtained, the field components in each region can be deter-
mined. This requires the determination of all the modal excitation
constants for the given configuration and a particular frequency.
Since the dispersion curve represents solutions to a homogeneous set
of equations, one of the modal excitation constants must remain

arbitrary. If one of the I modal excitation constants is set equal to

~unity, then the remaining I-1 constants can be determined uniquely

from any I-1 of the I simultaneous equations. This procedure has the
effect of normalizing the I-1 modal excitation constants to that con-
stant which is set equal to unity.

A compilation of the field equations and dispersion determin-

ants, D of all modes (H E__and hybrids) for the dielectric rod,

om> ~om
tube, and coaxial waveguide configurations follow.

A. Dielectric Rod Waveguide

1. Eom modes

a. Field equations

I | -jvz
ao Jo(h1r) €

—
m

N —
0

I ,(2) -jvz
bo Ho (hzr) €

Iy 4 -Jvz
_Jao h] .Jo(h.lr) €

N
m

-~ —
i

(11-6) | .
| IEE'I S ' H(z)(hzr) vz

o} h2 o}
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k ¢ .
I _ .1 7071 o -jvyz
H¢ = -Ja H;E—'Jo(h1r) €
(11-7) 1o
I1_ oIl ke, oy, s
H¢ Jbo »hoZZ HéZ) (hzr‘) vz
0
1,1 _ )
where bo /a0 = T is obtaineq from the EZ
H'*’(h,a)
.0 2
boundary condition.
b. Dispersion determinant: D(y/ko;koa)
II I
b0 a_0
» H{z)(hza)
. HO (hza)
(I11-8) D=
0 1

2. Hom modes

a. Field equations

SO SR -jyz
( ) Hz =% Jo(hlr) €
I1I1-9 .
IT _ II ,(2) -jyz
HZ = do Ho (hzr) €
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(11-10) [ - .
1 Hl = -gall i w2 () emdv2

= -3 I Y 7t -jYZ
Je, h1 Jo(h1r) €
0 h2

- .CI kozo J' (h-r) -jvyz
3% hy” Yot/ €

(LI-11) o K 2
2IT LI "o ,(2)! -jvyz
lE¢ = jd; - Ho (h2r) €

(II-12) DS

hy

J _(hqa)
where dII/cI =9 1

"% Hl¢ih.a)

0 2

boundary condition.

is obtained from/the H,

b. Dispersion determinant: D(y/ko;koa)

I1 I
, d0 10—
) Hfz)(hza)
-(hza) J-I (h.la)+(h.|a)J°(h]a) (hza) m
0 2
0 1
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3. Hybrid Modes [HEnm and EHnm]

a. Field equations

1_ .1 | -jvz
E, = a, Jn(h]r) Cos N¢ €
(I1-13) ;
I1 _ . I1 ,(2) vz
E,” = b, H""(hyr) cos n¢ e
I_ 1 . -jvyz
HZ = ¢, Jn(h]r)‘s1n ng € ° |
(11-14) 4 _i
Hil = dgl Héz)(hzr) sin ny ¢ JY?
\
I . (Y/kO) 1 1
B = 3 7k In(mr) @
z J_(hyr) -3
+n 0 5 "k l c%]cos ne ¢ IY%
(hl/ko) 0
(11-15) <
(y/k ) |
IT _ . 0 (2) I1
E. = -3{3527ko; Ha (th) bn
2)
Z H( (h,r) i
+n 0 5 “k . 2 diI cos ny € JIY?
\ (hy/k )" o
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(11-16) <

(11-17) J

HI=-J'n€—1 ] n Py ) aI’
r \Zo (h- /k )2 kor n

(v/k,) I .
-m——)- Jn(h r) CJ sin ng ¢ JY2

(2)
HII - 'j[} ;g_ 1 ?;Hn (hzr) bII
o (hy/k )" Ko™

(Y/k )‘ ' .
. / (2) (h,r) dIIJ sin ng € JYZ

EI - (Y/k ) Jn(h]r) aI
(h /k kor n

W Jy (hyr) cﬁ] sin ny ¢ JYZ

(2)
e1T 2 4, (vrky) , o " (pr) 11
sk )® Kt

+ 2/k H()'(h r) d jsinmp Iz
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(11-18) <

= 2 IT

+n (Y/ko) HISZ)(th)

dII:| cos n¢ e JYZ

N 2 kr n
(hz/ko) (0]
where 8 = 3 hia by and cp = J,(hya dn

are obtained from the HZ and EZ boundary conditions.

b. Dispersion determinant: D(y/ko;koa)

bt | 4
(hya)?(hya)e;d: (hya) k) (hpa)P- (hg2)? 19, (hya)
RIS
-{h,a a)Teqd ha
(11-19) p =] e Yo
n{y/k ) (hya)?-(h,2)23 (h,a) (hya)?(h1a)3" (hy2)
' (2) (hya)
-(hza)(h a) J (h a) —(Z—T(—h—;)—'
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B. Dielectric Tube Wavegquide

1. Eom modes

a. Field equations

,

= I -jYZ
E a, Jo(h]r) e JY,

IT _ I1 II -jvyz
(11-20) Q}Ez = [ao Jo(hzr) + by No(hzr)]e

111 _ 111 ,(2) -jvz
E,"" = b7 Hy " (hyr) e

I (v/k,)
E = -J -('r—)—do(h]r)

(v/k -
(11-21) 4 €1l = '(z_/T<_Y [3: (hyr) all + N (hyr) bll7edv2

I e-jyz

i1, (/kg) ( ) 1 ~jyz
Er = -j 3/k (h r) b
(L I -jyz

H JZW-)-J(hP)OG

IT

| L . 11, o 11 -jyz
(11-22) WH(b = =] —Z;_(T\W [Jo(hzr) ao + No(hzr) bO ]6

II1 _ . %3 (2) III -jyz

1 %M g, Nolhaa) g
% ( '7' 0 Jo(hlai o}
J (h,b) N_(h,b)
111 _ Yo'M2 11 oMo 11
b = a + b
0 H(Z)(h3b) 0 H§2)(h3b) 0

0

where 4
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are obtained from the boundary conditions on Ez at

the innermost and outermost boundaries.

b. Dispersion determinant: D

11
%

h . h
()b ) i

€
(&

(v/kg 3kqa3kob)

pll

h h
EE) Ja(h]a)uo(hza)-sz(ﬁi) 3y thya)Ne (hya)

(11-23) D = _ =0
hy . (kKD (n ) (.12) o 2 157 1 (hp)
J (h ob) —J (h,b) i (h3b) E; ( )+ N (h, w
2. Hom modes
a. Field equations
I_ 1 -Jjyz
HZ ¢, Jo(h]r) € |
LI S S & IT -iyz
(11-24) HZ = [co Jo(hzr) + d.0 No(hzr)]e
111 _ 11T ,(2) -jyz
n (v/k ) 5 (h \ -jy
= '.] r C €
(”1/" )
(v/k ) :
II . 0 ' IT ' I1q -jvyz
I1-25) S H. " = - [d!' (h,r) c . + N'(h,r) d_"]e
( } r J (hy/k,) “ot'2"" "o 02" %
v k ) . .
I11 (v/ (2) 111 -jyz
H = -j H (h,r) d €
L r (h 3/k ) 3 )
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( = j 9 (h r) c gdvz
lh /k )
_ T _ . 0 ' v I ' IT4 _-jvyz
(11-26) < E,” = Fi 7k [og(hyr) ¢ ° + Ny(hor) d "] €
1T g Z ( ) hor) QT ¢-iv2
o ks '3
(1 %hed) (11 N, (haa) i
0 0 h.la ‘Jo h]
where
411 Jo(“zb) Jr o, Nolh)
are obtained from the boundary conditions on HZ at
the innermost and outermost boundaries.
&
b. Dispersion determinant: D(y/ko;koa;kob)
|
| | et dl!
® a;(h]a)qo(hza)-(:—l) i) () ggihgai ga)- (-kl) 33 (b )5 hy2)
(11-27) D =
| (2) (2)
h (ha/k M/ (hgb) b (ho7k I (hob)
(k-cz;) Tolhgh) * 35 (ng0) —l—i?o(hf? ‘i‘%) otha) * to () 3H-|° (:3b) :
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3.

(11-28) <

Hybrid Modes [HEnm and EH ]

a. Field equations

rEg_ = aI J (h,r) cos n¢ eJvz

(11-29) < Hil =

(I1-30) <

Eil = [a) I 3, (hyr) + b N (hyr)] cos ne e Y2
n
IIT _ 111 ,(2) -jvyz
\Ez = bn Hy (h3r) Cos n¢

7/

I_ 1 : . -jvz
H, = Cn Jn(h]r) sin n¢ €

I1 . II . -jvyz
[cn Jn(hzr) + dn Nn(hzr)] sin n¢ €

11 _ II11 ,,(2) . -jvz
\Hz = dn Hn (h3r) sin n¢ €

-

HI = 'J[%ﬁ"7g—77— Jn (hy r)a

, r/kg) dy thyr) jvz
¢ €
(h /k )2 (k rT C}COS n

718 S (32 (hyrdall + N2 (h, r)bII)
¢ J 7k JZ, “n'"2"%
k J_(h N (h )
o+ v/ 0)2 ( ?: i;) cgl + é ir dIIi]cos ne ¢ JYZ
(hz/ko) 0
IIr _ . €3 y(2)* 111
H¢ = -J[: 3/k n (h3r) b
k, ) H( )(h r) i
.\ n(y/ (k r:))' dul}cos ne ¢ 912
(h /k )
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(11-31) < E

(11-32) <

m
—

IT
¢

flIT

¢

Wt =
r

I1

Hr,

HIII

n(y/k ) do(hyr)
(h /K jz' (k r) n

a

JA
0 ' I . T b4
A7k Jp(hyr) cn]sm ng eJY

- j[?(Y/k°)2 (Jn(hzr) 11, Mylhpr) bI?
(hy/k,)

(kOr) an + tkor‘i n

A .
( _'_)'O ! I 1 II . -Jvz

Mtk w8 (nor) 111
(hysk )= (Kor)

z

0 (2) 111 _. -jyz
* (h37E;7'Hn (hqr) do }s1n ng e JY

J(h r)

ne]
(h /)1, ®n

(Y/k )
h /

[ I . -j-Yz
Jp(hqr) an sin ng e

Ne J (h,r) N (h,r)
='j[ 2 (n 2 aII+ n‘\'2 bII)

2
(ho/k )T,

kor) %n 7 Tk r)” n

(v/k,

_(——/—)_ (J (hpr) C + Nf(hor) d:I)J sin n¢ ¢ -Jvz

2)
I B 4 hgr) JI11
(h3/k )ZZ (k Y‘) n

-E%-/k—)y H(z)l(h 3") dIII:|s1n ne ¢392
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(11-33) ~

p
I _ (Y/k )
Er - !ﬁ]/k ) “n

+ N, Jp(hqr)

2 (k.r)
(h]/ko) 0

(v/k )
IT .

' I
J (h]r) a,

cé] cos ny e JYZ

' II
apl + N (hyr) blT)

(1 o) g

n J h]a n

2 nipa) g

J n J ( a) ‘n
where 1 J (h b) I

bt = -

ST _ Jn(“zb) B
\ N H(?)(h3b) n

nZ (h r) 'N_(h,r) .
0 II n‘'2 II -Jj
i (hy/k, )2 ( (K, r74' n T Tlkr dn i]°°s ng &1
(Y/k ) 1
II1 2 I1I
Ep = 'J{éﬁ /E_T é ) (h3r) by
nZ 12 (hr)
+ 2 n 3 dllq cos ne Y2
\ (hyrk )2 Kotd T

. N, (hpa) I
Jn(h]ai n
L Mnlha) g
Jnih]a5 n
1, M) g
2 n
HZ) (h )

1, M) o
Hé?)(h3b) n

are obtained from the boundary conditions on Ez and

HZ at the innermost and outermost boundaries.
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GEL

(11-34)

b. Dispersion determinant:

1
al'I

2

l:(::_l) Gi') €195 (hy2)9, (hy2)

-(%)z(zf)czdn (hja)a; (hzaﬂ
o

12)'
l:( cq9(hyb) h3 i )m—:’b«)
k" Tn "—; —m(h b)

2

..(k_;) (ro) :zé;‘ (th

2

ol @)

0o

n_}l/;))r(?) (3)} (hy)

]

JJ“ (h.I a)J,I (h,‘,a)

0

il

(¢

K )Gz—) (-:]J' (h]a)N (hza)

_("_1
kO

2

2

3
kO

1
bn

@2

(2)
[(:':g) ey (hzb); {(k—a)" t:;:

[}
2.

)(k:) &N (hzbJ

2017 0 M2

b

J (hya)N' (h a)jl

n(x/k, )[( ) _(k )ja (hya)N, (hya)

n(y/k))

‘E){(k_z) (ho )j“n (hgb)

(3

D(v/kq3koa 3k b)

CII

n -

et 6

2

()62 0m,00
2
-(:—l) (h )Jn (h,a)3; (hya ):, _(:_: )2(;;)Jn (hja)N; (h,a ‘)]

}4

.:n (hzb ){

(hz)(h
ko kcn

n
dﬂ

[(:—]—X )ZJ A (hjaN (hya)

2 2)"
(Gl
&)

2
ho\rh
2Y3

N (h,b
(k—o_ ky/n ZJ

w2 Y »)
n W (np)

J (hzb:l

.n_::.ég—)[(:_:)z-(:_l)?dn(h,la)Nn(hza)
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Coaxial Dielectric Wavequide

1.

(II-35) A

Eom modes

a. Field equations

.
I_ Jyz
EZ a J (h1r)€

= ()l 9, hyr) + bIE N (n,r) 1732

| eIIT _ ( III I11 -jyz
E = [a Jo(h3r) + b, No(h3r)]e
LEiV = bgv H(g)(h4r)e'jYz
( (y/k,) .
I Y I _-jyz
(Y/k . .
I _ . 0 ' II ' I _-jvyz
Br = Ity Wolher) ag™ + g (hpr) b5 le
mr _v/kg) 111 1114 -jyz
E -j [J (h r) a "+ N (h,r) b Ie
r (ﬁ3/k ) 3"
('Y/ ) 1 .
IV _ (2) IV _~jvyz
4 "4
f I _ . 61 \]'Y
H¢ = -] Z 1—————7 aO Jd! (h rle
Ir_ . %2 . 114 -jyz
H¢ = -j 5 Z 1’"‘?’7'[J (hyr) a + N (hyr) b "l
(11-37) 3 €3 I1I IIT4 -jvyz
IIr _ , —jy
H¢ =-J 7 _(T'I_3/T_)— [J (h Y‘) a + No(hsr) bO ]e
V. _j €4 (2) bIV c~dvz
\H(’> | E-/-k——)' H (h Y‘)
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-

' t_ %) o Nothpd) g
” : % Jolﬁ]ai 0 Joih1a5 0
where <
v Jotse) p Nohge) g
\ ° HO (h4C) ° HO (h4C) 0

are obtained from the boundary conditions on Ez

at the innermost and outermost boundaries.

b. Dispersion determinant: D(y/ko;koa;kob;koc)

e o1l 1 o o
B DTSRRI (PN 0 0
(] o
h h
“z(k%)"o“!')";(hz') -.2(,%)%(»")";(»‘2.) 0
I1-38) D = , , =
( ) 0 0 (h,)J . W i) (n,)" | W ()
D K/ o ’cz‘ W) | /0™ . W the)
T . h
AS AMEND = o) 500 o) )
_____._y
Jg(hpb) Nylhzb) =3y (hyb) N, (hb)
h h . M
Mo D e o

2. HQELEDdeS_

a. Field equations
(11 -jyz

11 _ . Il Il |, -jyz
H " = [c, g (hor) + d° No(hor)le

A 0
(II-39) < . s
IIT _  III 111 jvz
) 't = [c, ~ Jg(hgr) + dg™" No(hgr)le
Iv _ IV ,(2) -jyz
kHz =dy Hy (h4r)€
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(II-40) <

(I1-41) ~

;

(v/k,) 7 -
= i o” I 5 vz
= 73 7k o Tohre
(v/k ) .
IT _ _. 0 ' y 11 ' IT. -jyz
Ay ’ 1HE7E;7-[JO(h2r) o * Nylhpr) d " e v
(v/k ) .
IIT _ . o] ' ITI ' II14 -jvz
He o = = Ih3/k05 [34(h3r) ¢ * Nylhgr) d " e Y
IV . (Y/ko) '

_ v, (2)" -jyz

e

EI

z .
= 9 0 I ! =JvZ
6 9 h 7k, co Jolhyrle

eIl _ . Zs Il 9 thor) + dHINY (h,r)e 372
o Y (h4/ko) o “0'2 o o2"

Z
158 SR 1, 1114 -jyz
E¢ J IHE7E;7-[JO(h3r) Co + No(h3r) dO Je
Z .
Iv _ . 0 v ,(2) -jvyz
ES =1 d " H (h,r)edY
k ¢ 4/k0 0 0 4
(
g %M o No(ha)
0 J0(h1a5 o Jo h1a 0
where <
v _ %39 qpp, Nothee)
0 2 o 2 0
Hg (h4c) H0 (h4c)

are obtained from the boundary conditions on HZ at

the innermost and outermost boundaries.
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b. Dispersion determinant:

11 11

Co dﬂ
e (o
¥ BT Gﬁmwwmﬂ
(11-42) D = |
3y {hgb) Nothzb)
0 0

3. Hybrid modes [HEnm

D(v/k,skyask bk c)

1
5 an
h
AW 2) o
(::) 33 (0p) (,(:) Ny(hp)
0 0
=0
3y hp), “Ho(hyp)
2)"
h (hy/ky W (hye) (hy/ky )u (hye)
. 3), hac 4 4 h & 4
(“;) o) { oS (h‘c) } G“— ol nm(n e)

{l— ZJ o (hsc) (r) N3 (hye) ~

and EHnm]

a. Field equations

1
EZ

II
z

E

(I1-43) -
III

EZ

EIV

k z

1_ 1, .
H, = ¢, Jn(h]r) sin n¢ ¢
II
. -HZ
(I1-44) <
III
H,

= aI Jp, (hqr) cos ne¢ e'jYZ

[ 1 J (h2r) + bII N (h 2r)] cos'n¢ ¢ "Jv2
_ III III -jvyz
= [an Jn(h3r) f bn Nn(h3r)] cos no e

_ W1V 4(2) » -jvz
= bn Hy (h4r) cos n¢ € ‘

-Jvz

= [crI]I Jn(hzr) + dzl N, (hor)] sin n¢ e"JY2

. -jvyz
Nn(h3r)] sin n¢ ¢

v _ LIv ,(2) . -jvz
H" = dy Hn (h4r) sin n¢ €
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(I1-45) <

e g

w_ [ ca
. = -JE‘ Z
L +

J (hyr)
WL = -j[n e] 1 nI< 177 1
r Zo (h Ik, ) of M
(v/k
-(E-W—)- J! (h r) C] sin n¢ ¢~Jvz
1

c 73 (hyr) N, (h,r)
n _J[: €2 1 ( n2"™ 11, M'"2 bII)

kor n k r n

% (hz/k ) o

(Y/

+ -(T)- (J (h r) cII + N! (h r) d )} sin n¢ ¢~Jvz

€3 1 Jolhgr) 111 Nylhgr) gy
, QI N3 7
)2 kor n

0
v/kg)
+ W (J (h3r) c.- +N (h3 ) drIlII)J sin n¢ € Jyz
€ H§2)(h4”) LIV

o (h4/k )2 koY‘ n

(v/k ) . o
-(F—)—Y4/k u(2) (hyr) dgvilsin ng e JY?
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(11-46) <

T,

(

= Tﬁ_7F—7' 1" a
J_(hyr) .
1. n''1 I -jvz
+ nZ c |cos n Y
© (hy/k,)? Ko' "] '
0
(v/k ) '
IT - . 0 . II . II
Fr - 'J[jhz/koi (Jn(hzr) a, + Nn(hzr) bn )
z J_(h,r) N (h,r) .
+n——> 2('n|£ ir e+ nlf 3r d,EI)—J cos ng e IT2
(h2/ko) 0 0
(v/k
IIT _ III
EY‘ I:‘(—?JE—)—(J (h + N! (h3 ) b )
Z J_(h ) N (h,r) .
oo o 2(.nkg R ngI)JCOS ng ¢ 02
(hark )2\ Ko 0
' 4/k @)
Z Ho (h r) .
+n 0 k - di?]cos ne € JYZ
(h4/k°) 0
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(11-47) <

2 k.r n
\ (h4/k0) 0

I | €1 1 I
H = -J[}-— J'(h,r) a
¢ ZO ]/kO n ] n

(v/k)) 3 (hyr) .
9 n_1 c{]cos ng e JY2

+n
2 k r n
(h]/ko) 0

E

I1 _.%2 1 : II : I1
H¢ = -J[?o 1557?;7-(Jn(h2r) a + Nn(hzr) by )

K J_(hor N_ (h .
‘n (v/ o) > (n( 2‘") CII + n( 2Y') dII)] cos no ¢ ~JYZ
(hz/ko)

r
k0 n kor n

II1 _ . %3 1 . 111 . I1I
H¢ = -J[—-—-—zo h3/k0—)— (Jn (h3Y‘) an + Nn (h3Y') bn )
(v/k.) J (hor) N_(h,r) s
0 ( n‘'3 ITI + N 3 dIII) oS N e Jyz

+n
2 k. r n k. r n
(h3/ko) 0 0

VI (2)" Iv
H¢ - 'JLTE' hy/k, M (h4r) by

(2) :
+n (Y/ko) Hn (h4r) dli}cos no c~Jvz
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(11-48)~

(L[ Gk

( 1
= jln
(hy/k)? Kot N

I
E¢

y4 7 L
+ 15;7%_7 Jﬁ(h]r) Cé} sin n¢ e-JYZ
_ 0

(T j[’ (v/ky) ("n(hz") 11, N (hor) II)‘

‘ a ~ + b
) (hz/ko)z kor' n kor n
Z
' 0 ) II . IT . -jyz
+ 7k .7 (Jn (hyr) c, .+ N, (hor) d )]sm ng € ~J9Y

enn [, B7%) , (Jn(hsr) i, Ny (hgr) bm)
¢ (h3/ko) kol" n OY‘ n
3 |
o [y I, | . -jvz
+ W (Jn(hBr) c, t Nn(h3r) dn ):lsm ng e JIY

- u(2)
eIV _ jk (v/kq) . o (hg") 1y
9 (h4/ko) kor n
Z 1 ’ .
+ ) (2)' IV{_. -jvyz
\ '(h_)'4/k0 Hn (h4r) dn sin n¢ €
(1 %) ;o M)
n Jn(ﬁ]ai n Jnih1a5 n
B _ dnlhga) JI, N, (hsa) 4l
{ n ‘Jn h]a n Jn h-la n
where :
Jv _ dnlhae) g Npthge) ppg
n @y T @y
n 4 n 4=
AV oee) i M)
n Hn(Z)(h4c) n Hn(z)(h4c) n

are obtained from the boundary conditions on HZ and EZ

at the innermost and outermost boundaries.
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(11-49) D =

0 ]
: 2
"(Vlo:o) (:_:)z_(:_:)zJan(h,n)Jn(hza) n('::" (hr:]z-(%)z]-ln(hll)*n(hzl_) (hrlxzf) 35 (hyad3, (hya)

b. Dispersion determinant:

11 n
n %

ol
(g EE) ey O

2
‘ &Cl%) (:‘%)"n(hl'“'.'(hz‘)

a
ﬁ(hr:X'l%)zJ-'- (hya)N, (hya)

. ‘2('%)2(%)% (hya )N} (h,2)

0
2 2
‘z(hr:X:%) I hzb) 'z(:thr:') )
3,hph) N, (hyb)
0

"_(r“.{('/k ! h"’) " (hzb)

L.
)
n

c'l‘l

D(y/k3kqask b3k c)

13

4y

Rl G powsoes Gl G monon

0

nlr/kg) hyyl
_(E_oﬁ_ (ll) 3 (n,0)

0
3,(h,)

G%X:%)ZJ 1 (hyb)

'(E)z(hr:)’n"'l'”ﬁ rat)

0

1
h’I

0

ng gk 12 i) ¢ /g (hyc)
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