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Abstract
This paper describes a method of calculating the oblate spheroidal

wave functions given in Interaction Note 352.
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A. Evaluation of A__(c)
) mn
given ¢, m, n o<c o<m<n-
Define

(2m+r+2) (2m+r+1)c?

By = (Zm+2r+3) (2mF2r+5)

c_ = r(r-1)c? T = integer
r (2m+2r-1) (2m+2r-3) [

= _ [2r?+2r(2m+l)+2m-1]c?

B, (m+r) (m+r+l) (2m+2r-1) (2m+2r+3)

.

Amn is determined by iteration or power series

from the equation

r “AMBLo A / Cri2
C -
r+2 “MBryg Ar+4/cr+4
C =
r+4 -A+Br+6 _
Cr+6

(See Abramowitz}) 21.15, 21.81, Stratton®) pg. 13, equation 82.)

R

1.

Abramowitz, M. and I. A. Stegun, Handbook of Mathematical Functions,
Dover Pub. Inc., 1965, pp. 752-759. '

Stratton, J. A., P. M. Morse, L. J. Chu, J. D. C. Little, F. J.
Corbato, Spheroidal Wave Functions, The M.I.T. Press, 1956.




B. Evaluation of £ Ratios

Define B_. = =B_ + A
r r mn

Since A_, 1 T A_on-2 T 0, then the ratio

fr--2 = - f -2
fr B -2 + Cr—zfr-4
fr-z

can be calculated for r = -2m, -2m+l,..., 0,1

(fr(c) = dr(-ic) of Abramowitz).

o

Since Cl = C_ = 0, these ratios can also be calculated from

r=2, 3, ... to infinity.

f b £ £

== - fr+2 e flg -2m< r<o

[o) r+2 r+4 o r = even
£ £ £ £ )

r r r+2 -1
I = e T -2m+1<r<o

fl fr+2 r+4 fl I

| r = odd

£ £ £ f
?E = ?E_ fr-2 .o fz if r = even
o) r-2 “r-4 o o<r

£ £ £
?E = fr fr—2 e fé if r = odd

1 r-2 "r-4 1 o<r :
£f =0 r <-2m

r




C. Normalization of £
_ = m m _
fo = rio fr/fo Pm+r (o) Pn (o) n-m=even
even
- m’ | m’ -y
£, = El £./€1 Pp.e (©] PO (0) n-m=odd
odd
where
n+m
2
m - (-1) (n+m) ! e
Pn (o) zn(n-m)‘ (n+m), n-m=even
2 °° 277
n+m-1
m” (-1) 2 (n+m+l1)! _
Py (o) = n n-m~1, , n+m+l n-m=odd
27 ( )1 )!
2 2
(1) _. _ S . e
Smn (=ic,0) = Pn (o) if n-m=even
& (l); m;
Smn (-ic,0) = Pn (o) if n-m=odd
fr
fr = ¥ fo if r=odd
o rz-Zm
f
£ = f. if r=even

fr =0

This determines

if r<-2m

all fr.




Evaluation of the g ratios

2 2

- C - C
D ¢ En ° T (Zm=3)

m (2m-1) (2m+1) m

9-2m-2 _ °m

-

£ om  B-oom-2 Com-2 A-2m-4
B-2m--4 *C—Zm—4 A-2m--6
B om-6 "¢
9.2m-1 - ~By
foome1 B_om-1 "C-2m-1 2_om-3

B om-3 ~C-2m-3 “R_2m-5

B_om-57"""

This determines 9_om-1, -2m-2

9-2m-4 - - B-2m-—2 + Dm
I-2m-2 Coom-2  C-2m-2 9-2m-2/%-2m
9-om-3 _ _ B-2m-1 _ m
9-2m-1 Com-1 Com-1 9-2m-1/F-2m+1
g._ o B A

r-2 _ .é.E - .C._r__.._._—- r<-2m-2

Iy r r9r/9r+2

Ir-2 - Ir-2 9 9-2m-3 if = odd
9-2m-1 9 Ir+2 9-2m-1

Ir-2 - 9r-2 9 9-2m-4 if - even
9-2m-2 9r  Ir+2 9-2m-2




g

Ir-2 = E=2_ I_op1
g32m-1
i IO

Ipun = E=2 9 om-2
g-2m-2

This completely determines all 9,

if r

if r

r< -

i

odd

even

2m



Evaluation of Pﬁ (ig) 0<g<1l

o (D™ ment1) 1 ge2en) ™ 2pdRon gunem 302
Pp (38) = n n-m-1 n+m+1,

27 (= ()
If o<m<n n - m= odd 0<E<1

F is a polynomial

2

_ ab a(a+tl)b(b+l) 2

F (a'brch) =1 + G z + c(or1) 31 + ...
n
o (-1)% (men) 1 (g241) ™ 2p (R, Lnom L2
Pp (18) = 2R (B (n+m),
=) =
if o<m<n n - m = even 0<E<1l
2. -m/2 m+n+1

n (m+n+1)! n(1l=-n°) (-1) 2 1-m- 3 2
P (n) = F ( a nl l+n—m 5:07)
n n m+n+l n-m-1 2 2 '2

27 (——) L ( 3 )!
if o<m<n n -m= odd o<n?<1

m+n

m _ (m+n)!(l-n2)-m/2(-l) 2 -m-n l+n-m 1 2
Pn (n) n F ( 3’ ) li‘l n

(m+n) ! (n-m) ! 2

2

if o<m<n n - m= even o<n?<1

<:)




m - mo_.y .
P (1) =0 - P (=1) 0 if 1l<m<n
if l<m<n
— - = - n
P, (1) =1 osn P (-1) (-1)" o<n

P (ig) = T2(2n) 1i"g™P (14¢2)"M/2p cmen lomen

o (n-m) tn!2"

1<E
o<m<n
-Tim 3mik
P (i) =e 4 g (ntk)! e 2
n r=m

(n=k) L k! (k-m) 1 2K/ 2

F(=%=, =3 ,% -




F‘

Evaluation of T

o<m o<m

l+m+n
T(-—z——-)
— = 0 if n<m, n-m = even
T (1+52)
2
- (m+n) 1/
(B2 1 58 1™
(m+2—l)! (n-§+l)!2n-m+1
- (n-m+1) ! /7w
m=n+1
(-1)" 2 (-’"—+—’2’-'—1—)2(m-n+1)!
= L m-n+l m-n+1
™ (—T—)! 2
I+
———— = () 1f n<m and n-m = odd
r @Em
- YT (m+n+1)!
(@ntl) printl popely
(n-m) ! n%
n-m
(-1) 2 (m—-—-—;n)!(m-n)'

10

if n>m and

n-m = even

if n>m and
n-m = odd

if n<m and

n-m = odd

if n>m and
n-m = even

if n>m and

n-m = even

m>n and

n-m = even




Evaluation of Qg (1¢) - oLg<1
o<m  o<n

m

T o(ig) = w2 (14g2)TV/2ym

Q

r(li%iﬂ) _ ,
im--n---l F (-_(m+n l+n-m

2r(1+E§E)

m+n
+ Er(l'z ) im—n+l F (l-n—m .n=-m 3
Ton-m 2 v 5 3
FE=—) | |

m oy - 28 meny 1 (14622 m+n  l+mn
Q, (i§) = (2n+2)'in+1€m+n+l P+,

1<€

o<m+n

11

7). S 3 -k

2

)

- =)




H.  Bvaluation of s{2)  (-ic,if)
-2m-1
(2) .. . R m .
Sin (=ic,iE) = Z_ 9. Pn -r-1 (18)
Y=e=00
m-1 m
+,§=0_[ fr—:m +-f-r-m—l ] Qr (ig)
2 m
+ I fr Qm+r (1§)

r=0

The second term is absent if m=0.

Prime indicates summation

over even or odd, depending on whether n-m = even or odd.

12




Evaluation of R

kméz)(-ic)

k (2)(-ic)

mn

(2)

mn -iC,iE)

n-m n-m, , n+m mn
20 T@Cm (= L= £

(2m=-1)m! (n+m) ! (-ic)™ t

; (2m+r) ¢
r=0 T! r
even

if n-m = even

n+m+l)
3 !

207 (2m) 1 (BTRL) ¢

mn
f—2m+

1)

(2m=3) (2m=1)m! (m+n+1) { (ic)

; (2m+x) ! £
r=1 r! r
odd

if n-m = odd

R (2) (Cic,if) = Sméz)(—ic,ig)/kméz)(-ic)

13
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s (1), .. .
J. Evaluation of R__ (-ic,ig) , , <:)

m/2
R (l)( -ic,if) = l £ +1) / ; (ZmTr)! 4D-m-r cmn j (cE)
6 r=0,1 r! r m+x
where
N = ;' (2n+r)! ¢ mn Abram 756/21.9.1
r=0,1 r! r ,
and where
n
(Z) = Zz 1 - Z /2 + 2) -
n Zn¥I) 1! 1! (2n+3) 2'(2n+3)(2n+5) tee
if o&g
R 1) (cic,io) = 0 if n-m = odd
mn
_ (m+l)!2m+lin-mfdmncm £ onem = ; <:)
| (Zm+2) (2mFI)N TT °nTM T even
ngl) (—ic,,io) = 0 if n-m = even
'(1)’ L m n(2m+l),flmn m+1
mn N (2m+3) !}

N (m+2) 1272 (2me1) 1 £,™c m+1

(2m+4) !

|
2=

if n-m = odd.

14




@

. 1 .
Evaluation of Smé )(—1c,n)

(1) . c. mn .m
(-ic,n) = I ) S
n r=0,1 © mr

S

m (n)

Evaluaﬁion of R(3)1(-ic,io) and R(3)(-ic,io)
Rm£3)‘ (-ic,i0) = + i /e Rmél)(-ic,io) n-m
R{3) (<ic,i0) = -i/c {1 (~ic,i0) n-m

Evaluation of Rmél)(-ic,ii)

g (3)

3 (ie, i) = Rmél)(-ic,ig) + iRméz)(-ic,iE)

Evaluation of I -, L =

nn’ “nn
Lo B (o) £y
nn r=i 2r+1

odd
n,n = odd

. fln(cl) gln (c,)
L-=3
nn =0 2r+1

even

n,n = odd

15

1

even

odd






