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ABSTRACT 

New algorithms for computing the Discrete Fourier 
Transform (DFT) spectra along different directions are 
derived and implemented. For computing the DFT 
spectrum along any given direction (containing N DFT 
frequencies), a new algorithm is presented that requires 
N ( N - 1 )  additions and a single 1-D FFT. As expected, 
for a single direction, the directional FFT algorithm is 
significantly faster than standard 2-D FFT algorithms that 
compute the entire spectrum (all results are compared 
against FFTWand FFTPACK). A scalable extension of the 
unidirectional algorithm for computing the entire DFT 
spectrum is also derived and implemented. The three most 
promising features of the new algorithm are that: (i) 
computation scales nearly linearly with the number of 
DFT frequencies computed, (ii) the algorithm uses a 
reduced number of multiplications (yet uses more 
additions), and (iii) it is more accurate. 

1. INTRODUCTION 

Multi-dimensional Discrete Fourier Transforms (DFTs) 
have found many important applications in scientific 
computing. Usually, whenever used, DFT computation 
accounts for the most significant portion of the 
computation time. The standard tensor-methods for 
computing Discrete Fourier Transforms requires a cascade 
of one-dimensional Fast Fourier Transforms (FFTs) 
which: (i) do not provide for a scalable spectrum 
computation, (ii) do not provide for efficient methods for 
processing objects of irregular shapes (such as in handling 
Video Object Planes (VOPs) in MPEG-4, (iii) do not take 

advantage of inherent spectral symmetries such as circular 
symmetry oRen present in filterbanks. To address these 
issues, we introduce a novel algorithm of the fast 
computation of multidimensional Discrete Fourier 
Transforms (DFTs) using directional DFTs. 

Let x(nl ,  n2 , . . . , n,  ) denote an m -dimensional array. 
We will assume that we have the same number of elements 
in each array dimension: 0 I n, I N - 1 .  We express the 

m -dimensional DFT X ( k ,  , k, , . . . , k ,  ) as: 

n,=0 n,=O 

w$nl +. , .+k,n, 

where WN = expl- 2 f i n  / N I .  To explain the 
directional approach, we first note that there are exactly 
N roots of unity that are admitted by this A4 - 
dimensional transform. 

For the two-dimensional case, we let 

recognize that s can take all possible N values and thus 
rewrite (1) as 

s = k,n, + k,n, mod N , 

X ( k ,  , k2 ) = '2 [ x(nl ,  n 2 ) ]  W i  . 
s=O k,n, tk,n,=s mod N 

Furthermore, we can show that 

X(rnk, , mk, ) = C x ( n , ,  n, )] W T  . 
s=O k,n,+k,n,=smod N 

We rewrite the last equation as one-dimensional DFT that 
can be computed using an FFT algorithm: 
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s=N-l  

&)= cY(s)w;m 9 

C&I 9 n2 1 7  

s=o 

where the DFT slims are computed using 

Y b )  = 
k,n2+k2n2=s mod N 

and we map the directional spectrum to the 2-d DFT 
using: 

Y(0) is mapped to X(0,O) 
Y(1) is mapped to X ( k , ,  k 2 )  
Y(2) is mapped to X(2k1,  2 k 2 )  

Y(N-1) ismappedto X((N- l )k l , (N- l )k2)  
Based on our discussion, the proposed directional 
decomposition algorithm can be summarized in 5 basic 
steps: 

Step 1. Compute DFT sums for directions (1, k )  . 
Step 2. Compute FFTs along directions (1, k ) .  
Step 3. Compute DFT sums for directions (2k, 1). 
Step 4. Compute FFTs along directions (2k,  1). 
Step 5. Map directional spectrum to standard 

2-D DFT spectrum. 

In steps 1 and 4, we note that the prime directions (1, k )  
and(2k, 1) are chosen so as to cover the entire 2-D 
spectrum [ 1,6]. The fact that these directions are sufficient 
for covering the DFT spectrum was first published in [6] 
for rectangular images. For two-dimensions, we note that 
only 3N / 2 one-dimensional FFTs are needed. Hence, in 
floating-point performance, the directional DFT approach 
rivals the vector-radix FFT (see [2] for a summary of the 
vector-radix FFT). 

We note that it is clear from the directional 
spectrum definition that the different directions are 
independent of each other. This observation leads to a 
scalable algorithm summarized as: 

Step 1. Transpose 2-D array for computing DFT sums 
for (k ,  1) directions. 
(or distribute input matrix and its and transpose 

among processors). 

Step 2. For i = 0,1,2,. . . , 2' - 1 ,  either 

Compute DFT sums for directions (1, 2' + i) 
Compute FFTs along directions (1,2' + i) 

or 

Compute DFT sums for directions (2'" + 2i, 1) 

Compute FFTs along directions (2'" + 2i, 1) 

Step 3. Map directional spectrum to standard 
2-D DFT spectrum. 

The algorithm emphasizes the fact that the scalable 
algorithm is very easy to implement on a parallel 
architecture. This is currently under investigation. 
Furthermore, we note that the directional spectrum 
computation is inherently very accurate, since a single 
FFT is used to compute each frequency component. 

In Section 2, an efficient algorithm for computing the DFT 
sums is presented. After implementation, comparative 
results are presented in Section 3. A summary of ongoing 
research is presented in Section 4. 

2. AN EFFICIENT ALGORITHM FOR 
COMPUTING DFT SUMS 

The most fundamental challenge of the new approach is in 
computing the DFT sums. A direct implementation of the 
DFT sums will be very inefficient. It is possible to derive a 
very efficient implementation of the DFT sums, after we 
notice a recursive relationship that is summarized in 
Theorem 1. 

The fundamental result of this Section is due to the 
following theorem (see [ l ]  for a proof): 
Theorem 1. If k = Cp + i with 

S k ( m , n ) = m + k n  mod N , t h e n  
S k  ( m , n )  = S k  (rn + (c - i ) N / C ,  n + N /  c). (2) 

In the theorem, k = Cp + i refers to an equivalent class of 

two-dimensional "prime" directions denoted by (1, k )  . 
Two "prime directions" (l ,kl)  and (l,k2) belong to the 
same equivalent class if they are both expressible in the 
form k = Cp + i . Hence, theorem 1 presents an efficient 
recursive relationship for computing the DFT sums for 
frequencies within the same partition. It is straightforward 
to see that this leads to an efficient algorithm for 
computing two-dimensional DFT Spectra for different 
partitions. It is possible to divide the sum computation in 
2, 4, 8, 16, etc equivalent pieces. Clearly, for each 
partition, there is a corresponding number of one- 
dimensional FFTs as given in the introduction. 
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The effective algorithm is captured in (2). It describes how 
we can add the n-th column and the (n+N/C)-th column 
after shifting the latter column by (C-i)N/C. This allows us 
to compute a partial sum for the specific direction k=C\,p 
+ i, where n can be from 0 to some suitable integer. In 
other words, the resulting sums from each step are spilt 
into C/2 equivalent classes, each equivalent class 
containing 2N/C partial sums for the direction C/2+i for 
some i from 0 to C/Z-Z. In each group, we add the first half 
columns and the other half columns twice with row 
shifting (C-i)N/C and (C-i)N/C-N/2, respectively. After 
this step, we have added 2C columns of the original input 
for each direction. 

Algorithm 
TensorDec 
Dir.DecI 
Dir. Dec I1 Using this algorithm, we get that the number of additions 

in the algorithm described above is N 2  log N . Naturally, 
these additions are performed using integer arithmetic. 

N=1024 I N=512 1 N=256 I N=128 
1618 359 61 12 
1311 301 58 13 
1769 404 80 18 

3. TWO DIMENSIONAL DFT COMPUTATIONAL 
RESULTS Algorithm 

TensorDec 
Dir. Dec I 
Dir. Dec I1 

In this section, some computational results of the 
directional DFT algorithms are presented. The algorithms 
were implemented using FORTRAN90. Because one 
dimensional DFTs are needed in the directional DFT 
method, the performance of our method is dependent on 
the one dimensional FFT code used. In addition, none of 
the results that we are presenting were optimized for the 
target architecture. Such results will be reported in 
[8,9,101. 

N=1024 I N=512 I N=256 I N=128 
1677 378 87 15 
1653 363 77 16 
2281 511 111 23 

For the one-dimensional FFT code, we used FFTPACK 
and FFTW [3,4,5,11]. For the FFTPACK-based 
implementation, single precision arithmetic is used. For 
the FFTW-based implementation, double precision is used. 
Furthermore, in the following simulations, the input 
images were assumed to be of integer type. All 
computation was done using a 550-Mhz Pentium 111 
machine of the Albuquerque High Performance 
Computing Center. 

The computational results for spectrum computation are 
summarized in Tables 1 and 2. The times (in milliseconds) 
for the familiar tensor decomposition algorithm of 
computing FFTs along each row (or column) followed by 
matrix transpose, and computing FFTs along each column 
(or row) are given as the first rows in tables 1 and 2. The 
times for the directional decomposition algorithm are 
given in the 2nd rows For the directional-spectrum 
computation (listed as Dir Dec I), and in the 3rd rows 
(listed as Dir Dec 11) for the standard FFT spectrum 
computation. In the directional decomposition algorithm 

described in the Introduction, the 2nd row timings 
correspond to the total time taken for Steps 1,2,3 and 4, 
while the 3rd row timings correspond to the total time 
taken for all the steps. 

4. ONGOING RESEARCH 

Ongoing research will focus on two distinct areas: (i) a 
more efficient implementation of the directional and 
standard DFT for the SIMD and SIMD2 extensions of the 
Pentium 111 and Pentium 4 architectures [8,9], and (ii) an 
extension of the directional DFT for computing 
multidimensional DFTs of irregularly-shaped objects, and 
for circularly-symmetric filters. 

Many of the results in our paper can be improved by using 
a one-dimensional FFT that is optimized for the Pentium 
111 and Pentium 4 architectures. These results will be 
presented in [8,9]. To the best of our knowledge, the 
fastest one-dimensional FFT implementation on the 
Pentium Architecture will be presented in [9].  For the 
Pentium-specific implementations, all the additions and 
the following one-dimensional FFT algorithms have been 
adopted to take advantage of the Streaming SIMD 
Extensions (SSE), allowing us to execute additions and 
multiplications on at-least 4 elements at a time. 

Most of the promise in the proposed algorithm is in its 
ability to compute efficient directional spectra of 
irregularly shaped objects. This is primarily due to the fact 
that the zeros can be efficiently handled in the additions 
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part of the algorithm. Furthermore, for circularly- 
symmetric filters, the directional DFT is ideal in that it 
need only compute 1/8th of the entire 2-D spectrum. 

The algorithms presented here have also been extended to 
rectangular (non-square) images and also 3-D images. The 
results will be presented in [lo]. 
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